PERTURBATION ANALYSIS FOR INVESTMENT PORTFOLIOS UNDER
PARTIAL INFORMATION WITH EXPERT OPINIONS
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Abstract. We analyze the Merton portfolio optimization problem when the growth rate is an unobserved
Gaussian process whose level is estimated by filtering from observations of the stock price. We use the Kalman
filter to track the hidden state(s) of expected returns given the history of asset prices, and then use this filter as
input to a portfolio problem with an objective to maximize expected terminal utility. Our results apply for general
concave utility functions. We incorporate time-scale separation in the fluctuations of the returns process, and utilize
singular and regular perturbation analysis on the associated partial information HJB equation, which leads to an
intuitive interpretation of the additional risk caused by uncertainty in expected returns. The results are an extension
of the partially-informed investment strategies obtained by the Black-Litterman model, wherein investors’ views on
upcoming performance are incorporated into the optimization along with any degree of uncertainty that the investor
may have in these views.

Key words. Filtering, control, Hamilton-Jacobi-Bellman equation, portfolio optimization, partial information,
expert opinions.
Subject classifications. 91G20, 60G35, 35Q93, 35C20

1. Introduction. It is well-known that optimal mean-variance portfolio weights are quite
different from the weights used in real-life investment. As pointed out in [BL92], unconstrained
optimization often results in large short positions among many asset classes, and constrained opti-
mization results in zero weight in many assets and unreasonably large weights in assets with small
capitalization. The model of Black and Litterman [BL91] is a practical solution to this problem,
wherein investors’ views on upcoming performance are incorporated into the optimization along
with any degree of uncertainty that the investor may have in these views.

In continuous time or multi-period settings, a natural extension of the Black and Litterman
model is to include a separate stochastic process for the level of expected returns. Due to the
large amount of data required for accurate estimation of this new process, much of the existing
literature considers it to be unobserved, hence making this an investment problem with only partial
information. Several papers consider expected returns to be an unobserved Markov process and
then use filtering methods (i.e. Kalman filter or Wonham filter) to track the hidden state. Indeed,
investment with partial information is studied in [Bre98, Bre06, ESB10, BR05, FPS14, Papl3,
Pha09, SHO4]. The effect of this added stochasticity is that optimal investment strategies will
change from those suggested by the standard Merton problem [Mer69], with the effects of risk-
aversion characteristics and the investment horizon playing a role in the solution [Bre98, Wac02].

The analysis in [FGW12] combines filtering with so-called expert opinions, a concept which is
similar to the Black-Litterman model’s consideration of investors’ views. The idea is the following:
in a dynamic investment problem, the nature of the expert opinions is that they are available
sporadically over time, and are useful because they can reduce the variance of the estimator of the
returns. During the time intervals between the announcement of expert opinions, the investors use
a filter to estimate the posterior distribution of the expected returns. In the model of [FGW12],
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expert opinions arrive with the jumps of a Poisson process, and it allows for a varying degree of
investor confidence by including some randomness in the information provided at each arrival time.

1.1. History & Motivation. One of the earliest papers in modern portfolio theory is that of
Markowitz [Mar52], which used the basic statistics of mean and covariance to quantify risk and to
find diversified portfolios. In the seminal work of Merton [Mer69], the dynamic investment problem
was formulated in continuous time using stochastic control theory, and has since been referred to
as the Merton problem. In its original formulation, the Merton problem seeks to optimize utility
of consumption and terminal wealth at some finite time, when asset prices evolve according to
geometric Brownian motion, and the investor’s utility is typically of HARA or CARA type (i.e. the
power or exponential utilities, respectively). In Merton’s approach, the problem is solved using the
Hamilton-Jacobi-Bellman (HJB) equation of dynamic programming.

In the years since [Mer69], there has been a long line of research that relaxes some of the
original assumptions in order to make the model more realistic, for instance by making the expected
returns stochastic, making volatility stochastic, allowing for transaction costs, or incorporating the
unobservability of the parameters. In particular, stochasticity of expected returns has been used
in a number of papers: as a possible way to explain greater long-term allocations in stocks than
in bonds [CV99, Wac02]; to study the risk-aversion of investors under greater uncertainty than a
standard CAPM [BEWSS]; to say something more about the equity premium puzzle [Bre98].

1.2. Literature Review. For general surveys on the optimal investment problem we refer
the reader to [Pha09, Sch03] and [Rogl3]. The Black-Litterman model was first presented in
[BLI1, BL92]. The model is compared to the Bayesian approach to traditional portfolio theory in
[SWZ10]. Models where stochastic volatility is driven by multiscale observable factors are analyzed
in [FPSS11, JS02b, JS02a, FSZ13]. The full information portfolio problem with a mean-reverting
stochastic drift has been studied by [Wac02] for the complete market (perfectly correlated) case.
The relationship of partial information to the preference for higher allocation ratio given long-
time horizons, the effects of risk aversion levels and the equity premium puzzle are studied in
[Bre98, CV99].

Portfolio optimization with partial information has been studied in [SH04|, with Markov chain
switching in [BRO5, Papl3], and with the effects of discrete trading in [BUV12]. The effects of
model parameters such as time-dependent risk aversion and correlation were studied in [FPS14,
K096, SD14]. In [Car09, Papl3], filtering is applied in the management of commodities portfolios
with partial information due to the unobservability of convenience yields. Asymptotics analysis for
control problems with Markov processes is described in [YZ13], and limit theorems for (nonlinear)
filtering have been addressed in [PRS11] and in [PS14]. The effects on filtering with intermittent
insertion of expert opinions is studied in [FGW12].

1.3. Results in this Paper. In this paper, we analyze the Merton problem when the growth
rate is an unobserved Gaussian process whose level is estimated by filtering from observations of
the stock price. We use the Kalman filter to track the hidden state(s) of expected returns given the
history of asset prices, and then use this filter as input to a Merton-type portfolio problem with an
objective to maximize expected terminal utility of wealth. Our results apply for general concave
utility functions.

We incorporate time-scale separation in the factors driving the returns process, and perform
singular and regular perturbation analysis on the associated partial information HJB equation,
which leads to an intuitive interpretation of the additional risk caused by uncertainty in expected
returns. In particular, a fast mean-reverting factor in the expected returns process captures the
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effects of intraday trading, and a slow mean-reverting factor in expected returns captures a slight
lack of confidence in the expert opinions.

Our perturbation analysis is carried out in the dual formulation obtained by a Fenchel-Legendre
transform, and is then mapped back to the primal formulation. This is a good approach to the
problem because the dual PDE to the nonlinear HJB equation is linear. In the later sections
we carry out numerical experiments to illustrate the effects of partial information and time-scale
perturbations. The chief contribution of this paper is an intuitive set of results relating the model’s
parameters to the role of partial information in optimal investment.

The rest of the paper is organized as follows: Section 2 introduces the model; Section 2.1 ex-
plains the filter and Section 2.2 presents the small-¢ and small-0 asymptotics of the Kalman filter in
the regime of small time scale parameters € and 4. Section 2.3 explains how expert opinions affect
uncertainty; Section 3 presents the partial information HJB equation, with Section 3.2 deriving
the linearized PDE for the dual function. Section 4 presents the small-¢ (fast factor) asymptotics.
Section 5 presents the small-d (slow factor) expansions; and Section 6 shows how the partial in-
formation value functions compare to those from full information case, and that an information
premium is seen qualitatively. Finally, the Appendices contain various proofs, including a novel
application of the Hormander theorem to show existence of smooth solutions to the dual PDE.

2. Model for Stochastic Returns & Filtering Equations. We consider a market with
two investment options: a risk-free bank account and a risky asset whose price is the observed
process in the following system:

ds
?t =0+Y:+ Z)dt + o dW; (observed price) ,
t
dy, = —lyt dt + £ dB} (hidden) (2.1)
€ NG ’
dZy = =67 dt + /o1 dB? (hidden) ,

where W, B! and B? are Brownian motions with
E{dW;dB}} = p;dt fori=1,2, and E{dB} dB}} = p2dt.

The correlation coefficients are |p1| < 1, [p2| < 1 and |p12| < 1, satisfying 1 + 2p1p2p12 — p3 — p3 —
p35 > 0. The parameters o, ¢, 4,3 and 7, the p;’s, and the long-term mean 6, are all considered to
be known. In most settings, Y; and Z; should not be considered observed because they must be
estimated from market data, and hence they are filtered, making the investment problem one of
partial information. In (2.1) Y and Z are both Ornstein-Uhlenbeck processes, hence the drift is
Gaussian.

The expert opinions will give investors full information on Z; at time t = 0. For instance, we
can take Sy to be the price of a managed fund whose performance is compared to a benchmark
return of A, and excess returns on S are given by Y; + Z;. We will consider an investment period of
finite time 7', and work in the regime % > T and % > T, which is interpreted below. Then returns
from Y are quickly averaged because ¢ is small, and returns from Z change very little for small §.
Hence, the expert opinions are a prediction of Z; and will be more accurate for smaller §.

The information available to the investor at time ¢ > 0 is contained in the filtration

Fi20{S,:0<u<t}, (2.2)
3



(i.e. the o-algebra generated by the process S up to time ¢). At time ¢ = 0, the expert opinions
reveal the true value of Zy so that E {Zoy]:o} = Zp and var {ZO‘]:O} = 0. We could generalize the
framework to have expert opinions arriving at multiple stochastic times, as done in [FGW12], but
this paper will consider the basic case where expert opinions come at time ¢t = 0 only.

Given the role and effects of expert opinions, we are ready to provide an interpretation of the

multiple time scales in (Y3, Z):

i). Y is a fast mean-reverting component in excess returns (e.g. intraday effects whose presence
has been observed in the data [Papl3]). Experts do not give a value for Y; because the
process changes far too fast for them to deliberate and announce their consensus.

ii). Z is a slow mean-reverting component in excess returns. The slowness in the time scale
allows the experts to carefully deliberate and deliver an accurate estimate of Z;. The
interpretation is that changes in Z happen slowly, are not very large, and occur because of
market events that the experts could not predict.

2.1. The Kalman Filter. For any square-integrable function g : R x R —> R, the posterior
expectatlon is g; 2 E{g(Y;, Zy)|F:} ¥t < T, and in particular we denote Y} = E{Y}|J—}} and

Zt = E {Zt|}'t}. Furthermore, we define the innovations process as
dSy
0 u

which is an Fi-adapted Brownian motion if divided by the volatility o. In (2.1), the drift of
S is Gaussian, which means that the Kalman-Bucy filter applies. In particular, the conditional
distribution (Y3, Z¢) | F¢ is normal with covariance matrix

T
25,6(t) A E Y — Y;S Y — Y;f
Zy — Zt Zy — Zt '

The definition of £5% has dropped the conditioning on F; because (}Aft, Z) is a Gaussian projection
onto the observations (S,),;, and hence the residual difference (Y; — }A/t, Zy — Z) is independent
of the observations.

It follows that (Y3, Z;) and %5:9(t) are solutions of the following equations (see [BC09, Bre(6]
or [Kal80, Chapter10]):

% 1
d(?t)— <0 g)( )dt+ — Mt du (2.4)

g?
d 1 = f
ZT20(t) = —2 (6 2) sy [ - P2 MM, (25)
t 012577\/7 n*o
1 ,mB
where M0(t) = | $50(¢t) +o| Ve . Equations (2.4) and (2.5) are the Kalman-Bucy
1 v
p21]
filter. We have that (Yo, Zo) | Fo is initially Gaussian distributed with moments Yy = E{Yy|Fo},

~ o~ T
Zo = B{Zo|Fo} and $%(0) = E Yo—To Yo—Yo . With the inclusion of expert opinions
Zo— Zo Zo — Zy

~ —_ V)2
at time ¢ = 0, we have Zy = Zy and %59(0) = (E(YO 0 Yo) 8)

4



2.2. Small-¢ Filter Asymptotics. In this section, we compute the limit of the posterior
distribution on (Y3, Z;) as € — 0. We derive an expansion of covariance matrix $°(¢) in powers of
V€, which will be used in Sections 4 and 5 to expand the investor’s optimal value function.

PROPOSITION 2.1. The covariance matriz X5 (t) that solves (2.5) has a limit

B2(—p?)
EE,J(t) — E(O)é(t) L 2 = (0)05
0 Yoz (1)

as € — 0, where Eg;)’&(t) satisfies the Riccati equation

a0 = 29 (20 - TUSA) 2By - L (s000)’ L 2o)

with initial condition Egg)’é(()) =E (ZO — 20) , and with Egz = 0 when there are expert opinions.

The proof is given in Appendix A. The covariance matrix ¥59(¢) can also be expanded in
powers of \/e:

PROPOSITION 2.2. Given the limit (9 (t) from Proposition 2.1, the solution ©5°(t) to equa-
tion (2.5) can be expanded as

o0 (1) = RO9(1) + /e sy 4. (2.7)
fort >0, where
N (g 2 L5 f(lip) 25 (£) + panv/s
o \Z° () + panVs 0

The proof is given in Appendix A.
(0),6

2.3. Small-6 Asymptotics for X,,"" with Expert Opinions. The expert opinions give
the investor full information on Zy at time ¢ = 0, that is
Zo=Zy with 257(0)=0.
Hence, there is an explicit solution to equation (2.6), namely

—dt
0),6 1—e
2% () = <m> oy

(o2

where ay are the roots to the right-hand side in equation (2.6)

2
oy = — (502 + npz\/ga) + \/(502 + 77p2\/50) +0n?0%(1 = p3),

and d = (ay —a_)/o?.
Then for § small we expand in powers of /9,

200 ) = 20 (1) + VesOV () + 6502 + .| (2.8)

where it is important to notice expert opinions at time ¢ = 0 cause the first two terms to be zero,
namely, 50 (¢) = 0 = S50 (¢) for all £ > 0. Hence, £ (£) = o(/3).
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3. The Portfolio Problem with Partial Information. In the Merton problem, an investor
allocates her capital dynamically over time between a risky stock and a riskless bank account to
maximize expected utility of wealth at a fixed time horizon T" < co. The investor has a self-financing
wealth process X; satisfying

as
dXt = Wt?t +T‘(Xt — 7Tt) dt N
t

where r > 0 is the rate of return on wealth held in the risk-free bank account, and the process ()
is the investor’s control process adapted to F; (defined in(2.2)), and satisfying the admissibility
condition E {fOT 2 dt’]—'o} < 0o. Without loss of generality we take r = 0 for the rest of the paper.

The investor’s goal is to maximize terminal utility at time T,

supE{U(XT)‘]:t\/{Xth}} for0<t<T < o0, (P)

where U(z) is a smooth, increasing and strictly concave utility function on R satisfying the Inada
conditions limg oo U'(x) = 0 and lim,~oU'(z) = oo (see, for instance, [KS98, KS99]). The
difficulty in solving (P) is the potentially non-Markovian nature of the problem. However, the
Kalman filter (}Aft, Z) encapsulates the information required from F;, and it is sufficient to write
the value function for (P) as the optimum of a Markov control problem:

VEO(t, 2, y,2) = supE {U(XT)‘Xt —5Y, =y Z = z} . (P")

We will consider investment problem (P’) for general utility functions. The reason for considering
general utility functions is to allow for more realistic dependence of risk aversion on the level of
investor wealth. For example, non-constant dependence on wealth is illustrated in [FSZ13] for the
mixture of power utility functions.
From the definition of 14 given in equation (2.3), we have a complete-markets description of the
asset price
dS;

< = (0 +Y; + Z,) dt + duvy (observed price) ,
t

which allows us to rewrite the wealth process for X; and the filtering equations in (2.4) as

dXt = 7Tt(9 + i}t + Z\t) dt + m th

. 1~ £,0 t
d¥; = ——Vidt + a0 g, (3.1)
ag

~ ~ bE,(S t
dZt == —6Zt dt+ ( ) dl/t 5
g

where
S PN B ey €6 afp1
a®’(t) = . X0 (t) + ¥y (1) + NG (3.2)
B0(1) 2 1 (S500) + 255 (1) +Voonp) (3.3)
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The representation of S; in (3.1) is an SDE with F;-measurable coeflicients and exactly one source
of randomness (namely 14), which means that the market is complete. Market completeness is
important because in Section 3.2 it will lead to a linear PDE for the value function’s convex dual.
Of more immediate consequence from (3.1) is how these SDEs can be used to formulate a PDE to
describe the value function in (P).

3.1. The HIB Equation. From the SDEs in (3.1), the optimal value function for (P’)
VEd(t,x,y, 2) is associated with an HJB equation,

S Yise, 1 2 1 2 , ,
Vel = 2V =0V 4 5 (a70() VT 4 5 (070(0) TV + T b (VY
1
+ max { 50%2fo +7((0+y+2)VS +o (e )V + bg’é(t)sz"s))} =0, (3.4)

for all t < T, and with terminal condition V=°(T,z,y) = U(x) (see for instance [Pha09, Chapter3)).
In general, regularity results for this type of fully-nonlinear HJB PDE problem are not available.
However, we will show that small ¢ is sufficient for smoothness of solutions. In addition, for
some specific terminal conditions U(x) such as power utility, explicit solutions are available (see
[Bre06, KO96]).
From (3.4) we see that the optimal strategy is given in feedback form by
o Oy + 2V 4o (@ (VS + (V)

Tt =— IV . (3.5)
From this expression for optimal 7% we see a decomposition of 7* into a myopic strategy plus a
correction for stochastic drift. Specifically, we have

0+ y+2)VEO
o2V
and it is well known that the myopic strategy is optimal for logarithmic utility U(z) = log(x), but

is sub-optimal for other utilities (see [BR05, SHO04]). Indeed, plugging 7* into (3.4) we have the
following nonlinear PDE:

1
Va,6 -

myopic strategy = — , (3.6)

1
(as,é(t))z V;/ng + as,é(t)bs,é(t)vysz,é + 5 (bs,é(t))z szsz,é _ (gvysé + 62"/;"6) (37)

ROy AV + e VS 0 V) .
2V ’

with terminal condition V=9 (T, z,y,2) = U(z). The myopic strategy in (3.6) is optimal for loga-
rithmic utility, because there is an additive separation of variables and cross terms fo and V50
in (3.5) are zero (see [BR0O5]). However there is a non-myopic component for utilities such as
HARA and CARA. Equation (3.7) for exponential and power utilities is central to the results in
[Bre06, Car09]), and also for the case when the hidden process is a Markov chain in [BR05]. In this
paper, for general concave utility functions we will use perturbation theory to find the terms in the
formal expansion of the solution to (3.7),

yed =y 4 eyA0) 4\ /FyOn (3.8)

however we will obtain these leading terms using convex duality.
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3.2. A Linear PDE for the Convex Dual. The nonlinearity in equation (3.7) does not
carry over to the PDE for the Legendre transform of V9. The Legendre transform in the z-variable
is

VEO(tpy.2) £ sup (VOO (t,2,y.2) —ap)
z€RT

for all p > 0, for all t € [0,7], and for all 2,3y € R. For strictly concave V9 (with Vx‘w:w =0
and V| _, = oo due to the Inada conditions as shown in [KS99]) there is a 1-1 and onto mapping
z* : Rt — R*, such that for each p the maximizer is the unique critical point x* = x*(p) such that

VOt py.2) = VOOt 2" (p),y, 2) — pa” () -

As described in [JS02b], the partial derivatives of V9 evaluated at 2*(p) have the following rela-
tionships with those of V=°:

re, 07,0 £,0\2
£,0 _ £,0 _ 1 £,0 _ Vpp VUU (VPU )
v, —p v, - 1% - .
v r=x* v r=x* VE’6 vy r=x* V5’6
pp pp
re,8 72,07, 0 (Y7€,0)2
‘/&5 __Yr&:6 ‘/aé ____v;y ‘/&5 __L;p L;z (L;z:
t . t xy . ~e,8 zz e e,
r=x r=x L@p r=x L%p
re, 8 72, 077e,0 _ Yre,017€,0
‘/aé __Yre&,d ‘/aé ____‘;Z ‘/aé _ v;P L;y V;y L;Z
Y oY rz | . Yred 2y | e,
r=x r=x L@p r=x L%p
£,0 __Yre,8
ves| = (39)

When these partial derivatives are applied to equation (3.7), the effect is a PDE for the dual problem
that is linear because the market is complete after filtering:

s 1 ' 1 i ) i
VP 45 (a00) Vi + 0 (b OV + 5 (0(0) " VP — (L0504 02027 (3.10)
2 0 2 0 ~ ~
+ (pi( “;ny A jes _pOFYT2) +j 2) (a0 1)V + bs"s(t)%i‘;)) —0

VT, p,y,2) = Ulp) .

Here, U is the Legendre transform of the utility function U.

Equation (3.10) is degenerate, but existence of classical solutions is shown in Appendix B.1.
In particular, it is shown that there exists €9 > 0 such that the Héormander condition is satisfied
for all ¢ < g (i.e. we prove regularity of solutions to the dual PDE under sufficiently fast speed
of mean reversion in Y; small € has a regularizing effect). Moreover, this existence proof can be
re-worked to show existence of solutions in the case when there is only a fast time scale, a result
which pertains to [FPS14].

3.2.1. Obtaining a Solution to (3.7). Appendix B.1 has shown as that there exists smooth
solutions to (3.10) for ¢ small. In this brief subsection we explain how these solutions can be
uniquely identified with the Feynman-Kac formula, and can be mapped back to the z-domain via
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convexity arguments. The arguments in this subsection will assume that e is sufficiently small so
that we can be certain that smooth solutions exist

The Feynman-Kac representation of the solution to (3.10)

V(L p,y, )—]E{U(pT)‘pth,SA/t:y,Ze—Z} (3.11)
where p; = pgexp ¢ ((”YUiJFZ)Qd

“dyu}, with 1, being the same innovation

tO+Y, +Z
0
The inverse Legendre transform of 159 gives the value function

0
Brownian process drlvmg the SDEs in (3.1)

VOt a,y,2) 2 nf (VE"S(Lp,y’Z)Jr:vp) =Vt ,y,2)
P

Y, 2), Ve e RT .
4. Small-e Asymptotics. We define the operators

for which we have commutativity (i.e. for any non-negative integers k and k’ we have Dy Dy,
Dy Dy, as follows easily from a change of variable to log p)

Next we expand for a®° and b%° given by (3.2) and (3.3), respectively, in powers of /¢ using
the expansion from Proposition 2.2. Then we use these expansions to rewrite equation (3.10) as
1 .
—E()VE’(S +
€

€£5V€ S LOVEd 4+ \JeLiVEd = o(Ve)

PO i

(4.1)
where o(y/€) is the collection of higher-order terms coming from o(4/¢) terms in the expansions of
&9 and b%°, and where the differential operators are defined as

9
2 Oy? y(?y
5 a 05 0 5 9 O+y+z0
L1 = B (azll Oy? o) 8y8z o 8yDl
0 o 1 2 0
sa 0 0 1o
£2_3t 5282+2(b

1) 5 ﬁ(’“ﬁ (2370 +=5)
(04 y+2)?

1 p0ap) &
+ 5.3 (51 )) 557
O+y+2) (5.0 1_(0s0
* 202 e o b(t) 0z o 11 3
5o (P18 (w206 (2),8 (0.8 (y(1).8 1>6 07
53—(0 (Z (t) + X273 ) 11 (212 (t) + 2 )By
(B2 +30) @) + 0o8mb®2() g2 (0+y+2) (S0 + 2
+
o oydz o2
with b%(t) 2 g(

2
and Egl) given by Proposition 2.2, and where b(2):9
15

—D
6y 1,
E(O) 2t) + \/gonpg) 212)15 _ B0-p}) (as given by Proposition 2.1) 2512) (t)
2),6
(1)

(2(21) (t) + 2222)’6(15) + \/ganpg) with
, 229 and 2 being the order-¢ terms that would come next in (2.7)
9



We construct a formal expansion of the solution to equation (3.10) as
I ORIV AOE IS O RO R N (4.2)

for e small. A useful notation for finding the terms in equation (4.2) is the bracket for £y’s invariant

average:
/f y)dy,

for any square integrable function f(y), where u(y) is the normal density function with mean zero
and variance 1p?3%.

4.1. The Order-Zero Term. Following the procedure of [FPSS11], we place the formal
expansion (4.2) into equation (4.1) and collect terms of order e~! to find LoV = 0 , which
indicates V(©) is in the null space of £y and therefore is constant in y. Then collecting terms of
order e71/2 we obtain LoV = 0, and hence V1) is also constant in y. Then comparing terms
of order €° we arrive at the equation

LoV 20 4 37 @08 —q (4.3)

From the Fredholm alternative, we find that the solvability condition for V(29 in (4.3) is

(£ 4y = 22703 —o. )

where
a0 s O 0 (B+2)() 0 D (<y2>+(9+z)2)p L
2= gt 0) gp —dig, ——— 5 D1t 552 2 (45)

using < > fy w(y)dy = 2p162 and (y) = 0 (and the y derivatives are left out because V(0).0

does not depend on y). The solvability condition then leads to the order-zero term in expansion
(4.2) satisfying a Cauchy problem:

L9 =0, VO(T,p,z) = U(p) . (4.6)

Equation (4.6) has strongly elliptic operator iff <y2> # 0, which is the case when p; # 0.

4.2. The Order-/¢ Correction Term. Collecting terms of order /¢ in equation (4.1) and
using the fact that Vy(o)’(s = Vy(g)’é = 0, we arrive at the equation

LoV 4 L3728 4 L5 8 — i — g

for which the solvability condition for V3¢ ig

(L] @4 4 Uy —o.

Since V1% does not depend on y we have <£gf/(1)75> = ng/(l)"s, and the solvability condition
leads to

Loy — _ <£¢1s 7@, 6> <£5£ (Lg —ZS) ‘7(0),5>7
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where we have used equations (4.3) and (4.4) to replace V(29 inside the brackets. In this case, we
have

2 2 (5
5 70\ 10,5 _ y—<y>+2y(9+z) yb()a (0,8

and we solve the following Poisson equations to obtain £ ! (ﬁg <£5>) V(0.0

y? — <y2> +2y(0 + 2)

Lod'(y,2) = 57 (4.7)
5
L6 (1) = -2 (48)
o
which gives us
Eal (Lg <L5>) V(06 _ <¢(1)(y,z)92 + 6@ (t,y)%Dl) 706
Hence, we have
ng/(l),é — <£‘1$ (gb(l)(-, 2)Ds + ¢(2)(t, ,)gpl) > 1(0).
z
Bpl T ( (60, 2)) Do+ (02)(,)) o p )V(O)"S
2 yy \b>
0? N
+ Bp1b° (1) <<¢(1 D2 + <¢1(le)( 7z)> D, + <¢§2)(t, )> — 1>V(o) s
ﬁpl ((9 +2) <¢(1)( )> + <y¢§1)( ,z)> >D1D2V(0) s
0
-t ((9 +2) (2 (t,)) + (wo (¢, )>> DIV (4.9)
Now notice that the solutions to equation (4.8) are given by 2 )( y) = Ub5( )+ C(t,p, z), for some

C that does not depend on y. Therefore,

(0. ()0 () o

2 2
Next, notice that 2 Ly (y) + ypu(y) = 0, so that equation (4.7) can be re-written as

2

2 .
g pl (sb(l (v, )u(y)) v - (W) + 0 )u(y) :

- 202

11



(1) y ' —(y°)+2u(0+2) - . .
Hence, ¢y (y, 2) ﬁszu f 202 p(u)du. Then, similar to the calculations in [FPS14]

and also the calculations on page 130 of [FPSS11], for ¢(*) we find

<¢§1)(.72)> _ ﬂfp% /O; </y u? — <y2>2j22u(9 + Z)u(u)du> dy = _6‘;;2

— 0o

2 [ vou? — (y?) + 2u(f + 2p2

— 00

which also implies that <¢§,1z)(-, z)> = 51>. We also deduce <¢yy (-, )> = ﬁ22p2 <y¢§,1)(-, z)> = —55.
1

Inserting these calculations into equation (4.9) yields the following equation for order-1/¢ correction

V(0.

ng/u),g ﬁpl 0) 6D 70,9

5 2 A
+ﬁplbé(t)<_ 9+22D2 + LD2 + b_(t)a_291>v(0),5
o 0z

0?2 0Oz o2

o2 402 o o 0z

) 5
L B <(0+Z) LB 01>D Dy V(5 _ B wﬁpng (4.10)
g

VST 2,2)=0.

Solving equation (4.10) is not a simple computation, but will simplify considerably in Section 5.3
when we consider small-§ behavior.

5. Small-§ Asymptotics Using Expert Opinions. Let’s now consider expert 0p1n10ns SO
that Zy = Zo with initial covariance E( )6(0) = 0, and for time ¢ > 0 having covariance Z( )8 (t)

with small-6 expansion given by equation (2.8). Sections 5.1 and 5.2 will expand V(09 from Sectlon
4.1 as

VO =y 4 /sy OD 4 sy 0D 4 (5.1)

and will compute the order-zero and order-v/8 terms, respectively. Then, Section 5.3 will compute
the order-y/z correction term that is the limit of V(1% that solves (4.10).

We start with the following definition:

DEFINITION 5.1. The risk tolerance function based on the order-zero value function is defined
as

Otz 2)
Dty @, 2)

3

(5.2)

In general, the value function V(©) (t,x, z) inherits the properties of the utility U(z), specifically
it is increasing and strictly concave in the wealth level x. The quantity —%—l,l is classically known
as the Arrow-Pratt measure of absolute risk aversion (see for instance [HL88, Chapter1]). The risk
tolerance given in Definition 5.1 is simply the reciprocal of this measure using the value function
(or indirect utility) V(©).

12



5.1. The Order-Zero Term. The order-zero term in equation (5.1) is the small-0 limit of
the solution to equation (4.6). To obtain this limit, we start by considering the limiting behavior
of the differential operator defined in equation (4.5), which is

where \(z) £ %’ﬁ + %—5)2. This limit is easily deduced by recognizing that b°(t) goes to zero

as 0 — 0, and so Z(O) is simply the remaining terms. Indeed, if we plug the expansion of (5.1) into
equation (4.6) for V(9% then collecting terms of order ° we find that the order-zero term in (5.1)
solves the Cauchy problem

v =g, VO(T,p,2) = U(p) . (5.3)

Furthermore, we can transform the PDE for the dual solution back to PDE in the primal domain.
Let us define the inverse dual

(0) A 7(0)
VO(t,2) 2 inf (VO(tp.2) +2p) -

Applying the dual transforms of (3.9) we can convert the dual differential equation in (5.3) into its
primal version,

(0)
DoV = 270 = LRV

— p0)y/(0)
yo | T

- (R<0>)2V<0>

T=x*
where z* = 2*(p) is the unique critical point such that

VO(t,p,z) = sup (V(O) (t,x,z) — xp) =VO (2% 2) — 2*p. (5.4)
x>0

Hence the order-zero term in the ¢ and ¢ expansion of the primal value function is the solution to

<2 ~ L (R(O))2 8—2> VO — VO(T, 2, 2) = Ulz) (5.5)
at 2 0x? - e ' '

5.2. The Order-v/§ Correction Term. To obtain equation (5.3) we collected terms of order
§°. After inserting the expansion of (5.1) into equation (4.6) and applying the small-6 expansion
of equation (2.8), we collect the terms of order v/§ to obtain the following PDE problem for the
order-v/d correction:

0+2 0

9z

LIV = pon DV, VONT,p,z)=0. (5.6)

Due to the commutativity of the Dy operators, there is an explicit solution to (5.6):
PROPOSITION 5.2. Equation (5.6) has the explicit solution

0+ 2)2 N O0+z0 _ -
( 5 VDD 7O (1, 2) = (T — t)pan 5r 5. D1V (6, 2)

o3 o
(5.7)

VOt p,2) = —(T — t)?pan

13



Proof. This follows from calculations similar to those in the proof of [FSZ13, Proposition 3.2]).
d

Furthermore, we can use the duality relations of (3.9) to transform the explicit expression in
(5.7) back into the order-v/d correction in the formal expansion proposed in equation (3.8),

PROPOSITION 5.3. In the primal formulation, the order-\/§ correction in the singular-regular
expansion of V0 in equation (3.8) is given explicitly as

VOt z,2) . (5.8)

0+ z 0?
O ¢ = (T — t)pan——RO (¢
Vv ( ,:Z?,Z) ( )p277 2% R ( 7xvz)azax

Proof. Applying the the duality relations of (3.9) to the convex, zero-order value function V()
to see that
9 . R V(O)
= ) — 70 — 7=__1/(0)
D =D = B

_ —R(°>VJ§S>

=T

)
*

T=T*

where x* = z*(p) is the unique critical point defined in (5.4). We use this to transform (5.7) back
into the primal domain, and we obtain the result. O

5.3. Limit of the Order-\/c Correction Term. As ¢ tends toward zero, the solution to
equation (4.10) can be expanded in powers of V0,

| O A A ) A S (5.9)

The order-zero term in this expansion is the order-1/¢ expansion to Ve for small & and 4. Indeed,
plugging the expansion of (5.9) into equation (4.10) and collecting terms of order §°, we find that
V(10) satisfies the following PDE:

o 0+2)2  B2p? 7 ?
ZOy00 _ <§%E§gm% _ B <ﬂ L 50\ pyp, | O V(I’O)L:T =0.

o o2 402
(5.10)

Then from the commutativity of the Dy operators it is easy to obtain an explicit solution:
PROPOSITION 5.4. The explicit solution to (5.10) is given by

. 3 1— 2 9+Z 2 2,2 .
VAt p 2) = (T —1t) (W% - % <( = S %>D1D2> VO(t,p,z) . (5.11)

Proof. The operators Dy, and Dy, commute for different k # k', hence it’s straightforward to
check that (5.11) is the solution. O

Applying the dual transforms in (3.9), along with an identity for V,}gg, the dual solution in
(5.11) is transformed back to obtaib the order-/¢ term of the formal expansion proposed in (3.8):

PROPOSITION 5.5. In the primal formulation, the order-\/e correction in the singular-regular
expansion of V0 in equation (3.8) is given explicitly as

VOOt 2, 2) = (T—t)<7ﬂ3p1(1_p%)1%<0>3+ %(wﬂ)z + ﬂzﬂ%) (R@’ﬁ)z)V(O’(t,x&) :

403 ox o2 402 oz
(5.12)
14



~ (0)
Proof. Applying the dual transforms in (3.9), along with the identity that Vp(;? ) — Vaus -

(49)

r=x*

we find that

)
r=x*

(V)" v (o)’ 0\’
DD,V O = QPQVP(;?) +p3vp(]9]3 = <— 2 o T (V(O))g } = - <R(0)%> (0

where 2* = 2*(p) is the unique critical point in (5.4). This shows how the dual solution in (5.11)
is transformed back into the primal domain to obtain the result. O

REMARK 1. The expansions of V0 solving the nonlinear HJB equation for small € and small
§ with expert opinions, as proposed in equation (3.8), is

Vel = VO 4 eV D 4 VsV O 4 o(/E) + 0(V5)

where VO | V1.0 and VO are given by (5.5), (5.8), and (5.12), respectively. Some remarks on
the accuracy of this final expansion of solutions to the nonlinear HJB equation are given in Appendiz

B.2.

6. Numerical Studies. Our numerical studies aim for understanding of the small-§ partial-
information effects in the small-e limit. We consider the parameterization § = 0, o = .15, § = .05,
B8=.2 p=-3,n=.3,and p; = —.7. We don’t specify a parameter ¢, but simply assume that it
is small. We consider the mizture of power utility function

_ €1 1—m
= —2x +
1-— 71 1— Y2

C2 1—72

U(x)

with ¢; = co = .5 and 79 = 45, vy = .9.

6.1. Partial Information Expansion Using Black’s Equation. As shown in [FSZ13], it
turns out that the solution V(%) to equation (5.5) can be obtained using the so-called Black’s PDE
for R where R is the risk-tolerance function defined in equation (5.2). The PDE for R(® is

- 2
RO 4 %)\2(2) (R<o>) RO=0 fort<T, (6.1)
U, (z)

O)(T 2) = - ==
RUNT, z) Upe(z)

from which it can be determined that Vx(o) is given by the following formula:

Tmax 1
0 _ 1(0)
VO t, 2, 2) = VO (t, Zmax, 2) exp (/w ROtE D) d§> ) (6.2)

where Zpmax > 0 is some high value of the wealth process (e.g. Zmax is the upper boundary on a

numerical domain). The recipe for V() is to solve for R(¥), integrate to get Vx(o), and then integrate

over z to get V(©),

VO (t,2,2) = VO (£, 2, 2) — / VO (1€, 2 de.
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For mixed power utility, the large-a asymptotics are given in [FSZ13]. When solving numerically for

the mixed power utility, we use the solution R(®)’s asymptotic behavior of limg\ o RO (t,z,2) =0

and lim; R&O) (t,x,z) = % as numerical boundary conditions. Given V(©), we then compute

VO (¢, z,2) based on formula in equation (5.8). Figure 6.1 (left plot) shows the value-function
approximation V() 4 /51 (0:1),

Partial Information V(0 4./FVv(0.1) Full Information V(o).full+\/gv(0,1).full

Fic. 6.1. The value-function expansion V' +/5V OV (left) and VO (right) with the parameters
given at the beginning of Section 6. The numerical scheme uses time step At = .02, T =1, Az = .003,
Axz = 0.0455, and evaluated at time t = 0.

6.2. The Full-Information Case. This section will provide a brief review of the method for
computing the full-information value function, and will highlight some qualitative differences/similarities
to partial information. The full-information problem is

st‘s'rf““(t, z,y,2) =supE {U(XT)‘X,: =Y =y 2y = Z} )
with optimal value function V=%l that solves the following full-information HJB equation

1 1)
peotl gﬁova,é,full +5MV8,6,full+puﬁn\/;vzay,5,full

(0+y+z yedfall | Bpiy e ditull | 103 \/gvs,s,fun) 2
o T xy Tz
- \/;Vs,é,full =0, (6.3)

where Ly £ %266—22 - yai and M £ 7’2—268—;2 - z%, with terminal condition VE&MY(T, 2 ¢) = U(x).
Due to strong ellipticity of the infinitesimal generator to the full-information SDEs, we expect there
to exist strong solutions to (6.3), particularly for small £ and § when the solution will be very close
to the standard Merton value function. Furthermore, HARA and CARA utilities allow (6.3) to be
solved with an ansatz that yields explicit solutions, such as those given in [Bre06].

We write an expansion of the solution to (6.3),

yesdull  yOLll L \FY Ol Y GOLRl L o\ /2) 4 o(v5) |
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where the terms V(O-full gnd V(O.D.full gre computed using the asymptotic formulas from [FSZ13].
In particular, neither V(©)-full op 17(0.1).full qepend on y:

(V(o),fun) 2

(0),full
Vi + 1/(0),full

M (2) =0 fort<T, (6.4)

1
2

where A\(z) 2 /25 + (9:5)2, with terminal condition V(O-M(T 2) = U(x), and

202

0),full
p2n(0 + 2) v (0),full

2% (0),full ' @2
xrx

V(0.1 full _ —(T—1) fort <T . (6.5)

Similar to the partial-information case in Section 6.1, there is a full-information risk-tolerance
function R(0).full & —Vm(O)’f““/V;Q)*f”“, which is a solution to Black’s PDE given in (6.1) but with the
full-information coefficient A¢(z). Figure 6.1 (right plot) shows the full-information value-function
approximation V(0):0:full o v/ (0).full L /517(0.1),full “computed based on the full-information version
of Black’s equation.

6.3. Comparisons with Full Information. In [Bre06], [FPS14] and [Papl3|, comparison
between partial-information and full-information value functions has shown there to be an infor-
mation premium. In particular, investors experience a lowering of their value function when the
market is not fully observable. In this section we compare and contrast the order-zero and order-v/§
terms, for both partial and full information, and explain how these terms capture the additional
risk associated with stochastic excess returns and partial information.

The information premium in the order-zero term is highlighted in [FPS14], where the partial
information Sharpe ratio was significantly lower than that of full information, with p; being the
parameter with the biggest impact. Namely, the partial-information Sharpe ratio A(z) defined in
Section 5.1 and for full-information A (z) defined in Section 6.2 have the relationship

AMz) < Ap(2) iff lp1] < 1.

We have taken p; = —.3 in the numerical examples of this paper, and we can visually tell that there
is decreased Sharpe ratio in partial information plots of Figure 6.2. The full-information order-zero
term V' (©-full is noticeably higher than V(%) for partial information. Overall, this decreased Sharpe
ratio can be thought of as an information premium due to partial information because having
p1 = %1 is equivalent having fully-observable Y;, in which case we have A(z) = ¢ (2).

The effects of the order-v/§ corrections are more qualitative. In Figure 6.2 we can see that
the order-v/d correction has a lowering effect on the value function, which is due in large part to
the parameterization of ps < 0. For the full-information value function, it should be clear that
the order-v/d term is correcting for the additional risk due to stochasticity in excess returns, yet
it is interesting to see that the corrected full-information value function is still higher than the
order-zero term for partial-information, that is V(0).full 4 /g7 (0,1),full ~ 7(0),

For the partial information value function, it is difficult to differentiate an information premium
from a premium on risk from stochasticity in excess returns. From the top-row plots in Figure 6.2
we see that V(© +/6V (01D < v hut this correction is due to stochasticity in Z;, whereas the
full-information correction was a correction due to stochasticity in Z;. Indeed, we can see a further
comparison of the full and partial correction in Figure 6.3, where the expansions are compared for

17



Partial Information V(®) 4+,/3Vv(®1D) Partial Information V(°)

Full Information V(U)‘full—‘,-ﬂv(u'l)'f“ll Full Information V(0.full

Fic. 6.2. Top Left: The partial-information approximation VO 4 /5y, Top Right: The order-
zero term V(©) which corresponds to the order-zero term under partial information with expert opinions.

Bottom Left: The full-information approximation YO full /5y O0.full - Bottom Right: The full-

information base term V(0

stochastic drift.

which is highest because it corresponds to the case of no loss due to

various levels of z. An important thing to notice from the plotted lines is that the correction to
the partial-information value function is less than the correction for full-information, which can be
attributed to the fact that the process Z; has much less volatility than the observed Z;.

6.4. Noise in Expert Opinions. In this section we consider an HJB equation that corre-
sponds to the setting where the expert opinion is a noisy unbiased estimate of Z; with standard

deviation that is of order-v/d, that is 253”(0) ~+3dand Zg ~ N (Zo, Eég)’é(O)). We will compute

a numerical solution to the PDE for V(%)% with a scheme taking full consideration of § > 0 effects,
and then compare with the small-§ expansions of Section 5 where the expert opinion was noiseless.
From looking at numerical solutions we will see that expert opinions don’t make a difference unless
they have noise that is smaller than order v/6.

To make the computations simpler we consider a case where the PDE coefficients are constant

in time. Suppose that Z©) will be in its invariant state. That is, suppose that Egg)’é(()) =5 where
18



z=0 z =0.048487

z =0.096975 z=0.14849

V) full
- - YO Sully JFy 0., full
5 ——y©

V4 Eyo

Fic. 6.3. For various levels in z, comparisons among the order-zero and order-v/8 terms of the value
function expansions, for both full and partial information. The correction for partial information is from the

additional risk due to stochasticity in Zu whereas the correction for full information is from the additional
risk due to stochasticity in Z;.

ils is the root to the right-hand side of the Riccati equation in (2.6). Specifically, the root is

. 2
308 (502 + npzx/go) + \/(502 + 7702\/50) +on?o?(1 - p3) ,

and we have the constant coefficient b°(¢) = b° £ 4 Véanps = Vdonps +o(\/3) for all t € [0, T).
Also to make the computations easier, we make the change of variables p = logp. Then the PDE
for V(99 is equation (4.6) with a logarithmic change-of-variable and homogeneous coefficients:

75\2 42 1,242 2\ A2 5 92 1,202 2
g‘i‘ (b ) 6__|_ (2p1 +Z ) 8~ Zb 8 - Zﬁ_ (2p1 +Z )i ‘7(0),5:07 (66)
ot 2 022 202 Op2 o 020p 0z 202 op

with terminal conditions ‘7(0),5‘ = U, and where the term <y2> from (4.6) has been written
t=T
explicitly as %pfﬁ? Finally, by taking e = %71, we have an easy computation for the utility

function’s Legendre transform,

A~ Cl

U(p)

=1 (=)' + ﬁ(x*(p))l’” —pr*(p) ,
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N —1/72
where 2*(p) = (M) is the root such that U’(x) =p

e v=2*(p)

Partial Information V(0).9= infp(\?(°>~”+xp) Partial Information V(9 4.5V (0.1)

-02 0 -02 0

Fic. 6.4. Left: The numerically-inverted Vs — inf, (V(O)"s + :cp) where V(% solves equation

(6.6), where it is assumed that there is order-v/§ mnoise in the experts’ opinion. Right: The partial-

information approximation V() 4+ VoV D approximating solutions to equation (3.7), with the assumption
of zero noise in the experts’ opinion.

After computing a numerical solution to (6.6), we numerically invert the Legendre transform
to obtain a numerical solution to the nonlinear HJB at gridpoints (x;, z;) with indices ¢ and j,

V;w _ mgin (Vf’J + xie;ﬁtz)

where V%7 is a numerical solution of (6.6) at gridpoints (Pe, zj) with indices £ and j. Figure 6.4
shows a side-by-side comparison of V()¢ with the expansion from Figure 6.1 that was computed
assuming zero noise in the experts’ opinion. Notice how the the solution with no expert noise is
higher; this is evidence illustrating that noise in the expert opinions needs to be of order smaller
than order v/J, otherwise the value to the investor is the same as if he/she used filtering without
expert help.

7. Summary. This paper has shown how fast and slow time scales are useful in analyzing
an investment problem with partial information and expert opinions. The methodology is novel
because linearity of the PDE associated with convex dual allows for straightforward computation
of singular-regular expansions. The main results are simple formulas for a base-term , an order-
Ve, and an order-v/8 term in the expansion of the optimal value function. Using the Hoérmander
theorem we were able to show smoothness of solutions to the dual PDE, from which we can verify
that the inverse of the dual is optimal and the solution to the nonlinear HJB equation.

The second half of the paper provided numerical simulations focusing on the small-§ asymp-
totics. These numerics showed a premium due to partial information, and also demonstrated the
importance of having expert opinions with sufficiently low noise. In particular, expert opinions need
to be sufficiently confident so as to reduce the initial variance on expected returns to a level that
is significantly lower than the perturbations that will occur over the investment period. If expert
opinions are too noisy, then investors do not benefit from the extra information.
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Future directions in which to continue the work from this paper include further analysis of the
practical strategy, and extension to more specific examples with consumption, multiple assets, and
nonlinearity in the filtering equations.

Appendix A. Proofs for Filter Asymptotics. R
Proof. [Proposition 2.1] We have E(Y; — Y;)? = EY;? — EY,?, and

2 t/ B " mwye o
EY=E|e Yy + — —tmwiedB —
Poe(nr [ -5

~ ~ 1 [t 2 232
E}/t2 - F <€t/€}/0 + ;/ ef(tfu)/s (Ei‘,lt?(u) + 23,15(,”) + pi;'gﬂ) qu> N p12

as € — 0, so that (P () = Z0=21 for all £ > 0.
For the cross term E(Y; — Yt)(Zt Zt) =EY,Z; — IE}AQZ, we have

t
E}/tZt —E <€t(51+6)}/0Z0 + ﬁ / 67<t7u)(571+6)zudB11L
Ve Jo

¢ ¢
+77\/5/ e~ (mWET Y, B2 4 \/gﬁnpm/ 6_(t_“)(81+5)du>
0 0

—0 ase — 0,

~ _ ~ ~ 1 [t _
]E}/tZt — E{et(s 1+6)Y0Z0 + _2/ ef(tfu)(g 1+6) (Ef];:,lls(u) + 2;,15(,“) + pi;'_ﬂ) Vi qu
g 0 €

_ ~ 1 _ ~
e TN 7 + = et (2316(“) + 555 (u) + pzan\/g) Yyduv,
0

I -
+ ; e*(tfu)(s 146) (23,15(u) + E;’;(u) +p20_77\/g)
0

X (Ei’f(u) + 350 (u) + pi/UEB) du} -0

as ¢ — 0, and hence, 2(0)( t) = ESP (t) = 0 for all t > 0. Finally, for the slow state, we have
$59(t) = B(Z; — Z,)? = EZ2 — EZ? with

2

t t

EZ2=F ( 0t Zy +Von / - “‘%Bg) = e P'EZ2 4 612 / e~ 200w gy,
0

2
EZ? =E ( 070 + —/ 3(t=u) EE O(u) + 255 (u) + pgan\/g) duu>
1 2
T+ / 200 (950 (u) + D53 (u) + paomV3) du
0
1 t
+ / e~ (2557 (1) (259 (w) + paonV/3) + (S5 (£))?) du
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Combing these two 2nd moments, we arrive at

I 2
5 () - e TR (0) - — / e (60%2 — (55 () + paou) )du
0

1 i g g 153
= ——5 [ 7070 (2550(0) (35 (w) + p2onV3) + (S5 (1)?) du

02 0

for which the right-hand side goes to zero as e — 0. Hence, lim. $57 () = Eég)’é(t) such that
¢
8 - 6 1 —26(t—u 6 °
Eég) (t) _e QJtEég) (0) -5 /0 e 20(t—u) (502772 _ (E;g) (u) +p2077\/5) ) du=0,

which is the same as the Riccati equation in equation (2.6). This complete the proof of the propo-
sition. 0O
Proof. [Proposition 2.2] We write

590(t) = BO9(1) 4+ Vex @O0 (1) 4 ..,

where the /e correction terms is computed by looking at the limit of \/LE (2=9(t) — 2O9(1)) as

¢ — 0. Computation of this limit is done using the forms for the variance/covariances that were
used in the proof of Proposition 2.1. In particular, all of the terms are zero, except for the following:

1 . 202
7 <]EYt2 - 0125 ) — MEQM ase— 0,

5 o
LE}?E — b Z(O)’é(t) + panV'é ase — 0
\/E L4t pu 22 P21 .

This verifies the correction matrix given by the statement of the proposition is in fact the order-/e
correction in the expansion of %%, [0

Appendix B. Properties of PDE Solutions.

B.1. Existence of Classical Solutions to the Dual PDE. We consider log variables,
p = logp and write equation (3.10) as the following degenerate linear PDE:

1 N N
EAﬂﬁﬁ—AMﬁﬁ:o (B.1)
with terminal condition V9 e U , and where
t=
a yo o) 0 +y+2)? o)
Ag2 -+ 2 oo+ [ 2 — a0 — b5 (1) ) ==
0 aﬁ£@+zw+< 207 @) =070 ) 55

[I>

A d (9+y+z)6> '

0
€, €,0 _ s 7/ -
G (15, +0" (05 e

The vector fields Ag and A; are both smooth and bounded at all (t,p,y,2) in compact subsets of
R*. Hence, we can verify that V has a smooth solution if we check the Hérmander condition (see
[CMO02, Hor67]).

22



B.1.1. The Non-Stationary Case. Consider the expansion from Proposition 2.2 and sup-
pose that Eg;)’é(()) is not the positive root to the right-hand side of equation (2.6), then the fil-

ter is in a non-stationary state because %23’26(1%) # 0 for all t € [0,T]. Moreover, L£a°(t) =

VEZL LS00 (1) 4 o(/E) # 0 for all § > 0.

o2 dt
Letting [, ] denote Lie brackets, we have
.0 1 d cd (s 9 A\ esn 9
Yy 0z Otytz o cs e 2
+ (EU +— (a®°(t) +b7°(1)) 55
0 (1, 4 SN d\? 5.0
yb=o(t) — ( )0+ 2)  0za%0(t) — b (¢)(0 + y)
— Ly + -

O+y+zd ;s s 0
2 = dt(a (t) +b°(1)) %

°od 1d\ ., °%d 1d\ .,
[Alv[Ao,[Ao,Al]]]——{ <;E+;ﬁ)a (t)+<;a+adt2)b (t)

+ % (as,é(t) + b5=5(t)) % (as";(t) + bs";(t)) }6_25

CONDITION B.1. The Hérmander condition is satisfied if

span{ Ao, [Ao, A1), [Ao, [Ao, A1]], [A1, [Ao, [Ao, Au]]]} = R?

for all (t,y,z) € [0,T] x R x R, for which the following two conditions are sufficient:
i). vectors [Ag, A1] and [Ay, [Ao, A1]] have 8% and £ terms that span R?, which happens if

(

o [

+ =0ty (54 L) b0(t)
+Lyass(t) T (0+ Lybeo(t)

(

ii). and the dimension in 6% is spanned by [A1, [Ao, [Ao, A1]]], which is the case if

2d 1&2\ ., 2%6d 1d\ .,
<§a+odt2)a (t)+<0dt+0dt2)b ®)

+ % (a°(t) + b=°(t)) % (a°(t) + b=°(t))

™ =

#0.
For any ¢ € (0,T], from the expansion in Proposition 2.2 we have a®°(t) ~ ’11[6, La=d(t) ~
\/Ep;—f%Eég)’é( t) and dt2a 3(t) ~ \/_”Ulf ;ﬁ n- 5(t). Using the expansion, we see that Part (i) of
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the Condition B.1 is satisfied if

(c+ dt) a=(t) L1 > (6 + ;t)2bs ()
(L+Lyaso(t) e (6+L)beo(t)

which is the case when ¢ < 1 and p; # 0. Part (ii) of the Condition B.1 is checked by looking at
terms of order e !, and is satisfied for ¢ < 1 p; # 0 if

7 () #£0 Ve 0,T),

which is the case if %23’2‘5 (t) # 0. This verifies the Hormander condition, and we can conclude that
equation (B.1) has smooth classical solutions.

B.1.2. The Stationary Case. If ¥5°(0) is such that it solves the matrix Riccati equation
on the right-hand side of (2.5), then —aE 5( )=0= d Lb¥°(t) for all time, and the coefficients are
constant with a®°(t) = a*° and b> 5( ) = b9 for all t > 0 (Section 6.4 considers the e limit of
this stationary case). Time homogeneity makes verification of the Hérmander condition slightly
different from Appendix B.1.

We define the vector fields

y 0 o (0 +y+2)? es_qe0) O
+ 0z 5 +<7 a b 55
0

||I>

Ao 3_ 202 D

bséa (9+y+z)g
0z o op) "’

—56

[I>

Ay

so that the PDE is (ai A AO) Ved = 0. Then the Lie brackets are
59
8

0 y o0z O+y+z - 0

£,0 J i €,0 £,0 -
+ 6% ()8Z+<EU+U+702 (@ +b ))813,
C—Ls,é N 5bs,6 (C—Ls,é +Bs,5)2 o
2 6]5 ’

0 g

[Ao, A1] =

Ay, [ Ao, A4y]] = (—2 (

g

from which we see that span {41, [Ao, A1], [A1, [Ao, A1]]} = R3 if 1 5 6 and 2( + 6b° 5) #
% (dg"; + 55’6)2. This verifies the parabolic Hormander condition.

B.2. Accuracy of HJB Expansion. This appendix will give an idea of how to use the
expansion of the dual solution to justify the formal expansion of the solution to the nonlinear HJB;
all that is required is regularity. Consider the v/§ expansion of V(00 given in equation (5.1), and
its inverse Fenchel-Legendre transform,

V(O)’é(tafli,Z) = llflf ( 0) J(t,p72) + xp) :
P>

From first-order conditions we find that V(O) 6(t,p* (x),z) = —x at the critical point. Now using
the implicit function theorem we obtain the expansion

p*(x) = pO(2) + VopW (z) + 0p@ () + ...
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where p(®(z) is the critical point such that V(O (¢, z, z) = VO (¢, p(z), z) + zp® (z), where V(©)
is the solution to equation (5.5). Now using the V/d expansions and regularity, we find

VOBt 2 2) = VO (4 p* (), 2) + ap*(x)

= VO (t,p*(2), 2) + VSVOV (L, p* (), 2) + 2p D (z) + Vozp™ (z) + o(V6)

= VO, p (), 2) + Vop (2) VO (t,p (), 2) + VoV (t,pO (), 2)
+ 2p O () + VoxpW (x) + (V)

=VO @, pOa), 2) + VEVOD (£, pO(2), 2) + 2p () + o(V5)

=VO (2, 2) + VsV (£, pO(x), 2) + o(V6)

=VO(t 2, 2) + VoVO (L x,2) + o(V6) ,

where the last equality follows from equation (5.8) of Proposition 5.3. As mentioned in Remark 1,
the above calculation is the beginning of a proof to show o(/2) + o(\/g) accuracy of the expansion
of V&° using order /2 and /3 terms given by Propositions 5.5 and 5.3, respectively.
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