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Abstract

We study the finite horizon Merton portfolio optimization problem in a general local-stochastic
volatility setting. Using model coefficient expansion techniques, we derive approximations for
the both the value function and the optimal investment strategy. We also analyze the ‘implied
Sharpe ratio’ and derive a series approximation for this quantity. The zeroth-order approx-
imation of the value function and optimal investment strategy correspond to those obtained
by Merton (1969) when the risky asset follows a geometric Brownian motion. The first-order
correction of the value function can, for general utility functions, be expressed as a differen-
tial operator acting on the zeroth-order term. For power utility functions, higher order terms
can also be computed as a differential operator acting on the zeroth-order term. While our
approximations are derived formally, we give a rigorous accuracy bound for the higher order
approximations in this case in pure stochastic volatility models. A number of examples are
provided in order to demonstrate numerically the accuracy of our approximations.

1 Introduction

The continuous time portfolio optimization problem was first studied by Merton (1969), where he
considers a market that contains a riskless bond, which grows at a fixed deterministic rate, and
multiple risky assets, each of which is modeled as a geometric Brownian motion with constant
drift and constant volatility. In this setting, Merton obtains an explicit expression for the value
function and optimal investment strategy of an investor who wishes to maximize expected utility
when the utility function has certain specific forms. However, much empirical evidence suggests
that volatility is stochastic and is driven by both local and auxiliary factors, and so it is natural to
ask how an investor would change his investment strategy in the presence of stochastic volatility.

There have been a number of studies in this direction, a few of which, we now mention. [Darius
(2005) studies the finite horizon optimal investment problem in a CEV local volatility model.
Chacko and Viceira (2005) examine the infinite-horizon optimal investment problem in a Heston-
like stochastic volatility model. While both studies provide an explicit expression for an investor’s
value function and optimal investment strategy, the results are specific to the models studied in
these two papers and for power utility functions.

Approximation methods, which have been extensively used for option pricing and related prob-
lems, have been adapted for the portfolio selection problem, allowing for a wider class of volatility
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models and utility functions. The Merton problem for power utilities under fast mean-reverting
stochastic volatility was analyzed by asymptotic methods in (Fouque et al., 2000, Chapter 10), and
the related partial hedging stochastic control problem inJonsson and Sircar (2002hJd) using asymp-
totic analysis for the dual problem. More recently, [Fouque et all (2013) consider a general class of
multiscale stochastic volatility models and general utility functions. Here, volatility is driven by
one fast-varying and one slow-varying factor. The separation of time-scales allows the authors to
obtain explicit approximations for the investor’s value function and optimal control, by combining
singular and regular perturbation methods on the primal problem. These methods were previously
developed to obtain explicit price approximations for various financial derivatives, as described in
the book [Fouque et al. (2011).

Here we study the Merton problem in a general local-stochastic volatility (LSV) setting. The
LSV setting encompasses both local volatility models (e.g., CEV and quadratic) and stochastic
volatility models (e.g., Heston and Hull-White) as well as models that combine local and auxiliary
factors of volatility (e.g., SABR and A-SABR). As explicit expressions for the value function and
optimal investment strategy are not available in this very general setting, we focus on obtaining
approximations for these quantities. Specifically, we will obtain an approximation for the solution
of a nonlinear Hamilton-Jacobi-Bellman partial differential equation (HJB PDE) by expanding the
PDE coefficients in a Taylor series. The Taylor series expansion method was initially developed
in [Pagliarani and Pascucci (2012) to solve linear pricing PDEs under local volatility models, and
is closely related to the classical parametrix method (see, for instance, |Corielli et al! (2010) for
applications in finance). The method was later extended in [Lorig et al! (2015b) to include more
general polynomial expansions and to handle multidimensional diffusions. Additionally, the tech-
nique has been applied to models with jumps; see [Pagliarani et all (2013), Lorig et all (2015¢) and
Lorig et al. (2014). We remark that the PDEs that arise in no-arbitrage pricing theory are linear,
whereas the HJB PDE we consider here is fully nonlinear.

The rest of the paper proceeds as follows. In Section 2] we introduce a general class of local-
stochastic volatility models, define a representative investor’s value function and write the associ-
ated HJB PDE. Section [3] presents the first order approximation and formulas for the principal LSV
correction to the value function and the optimal investment strategy, which are derived formally.
Motivated by the notion of Black-Scholes implied volatility, we also develop the notion of implied
Sharpe ratio, that provides a greater intuition about the resulting formulas, which are summarized
in Section [3.71 We discuss higher order terms in Section 4], and show that power utilities are partic-
ularly amenable to obtaining explicit formulas for further terms in the approximation. In Section [
we provide explicit results for power utility. In particular, we derive rigorous error bounds for the
value function in a stochastic volatility setting. In Section [6] we provide two numerical examples,
illustrating the accuracy and versatility of our approximation method. Section [7] concludes.

2 Merton Problem under Local-Stochastic Volatility

We consider a local-stochastic volatility model for a risky asset S:
ds,
Sy
dY; = &S, V) dt + B(Si, Ys) dB®,

= (S, Yi) dt + (S, Y;) BV (1)

where B and B® are standard Brownian motions under a probability measure P with correlation
coefficient p € (—1,1): E{dBfl) dBISz)} = pdt. The log price process X = log S is, by It6’s formula,



described by the following :

dX, = b(X,, Y;) dt + o(X,,Y;) dBY (2)
dY; = ¢(X,, Yy) dt + B(X,,Y;) dB2,

where 0(X;,Y;) = 6(eXt,Y}), and similarly (u, ¢, 8) from (fi, ¢, 3), and we have defined
1
b(Xy,Yy) = u(Xe, Yy) — 502(Xt,Y%)~

The model coefficient functions (u,o,c¢,3) are smooth functions of (z,y) and are such that the
Markovian system (2]) admits a unique strong solution.

2.1 Utility Maximization and HJB Equation

We denote by W the wealth process of an investor who invests m; units of currency in S at time
t and invests (W; — m;) units of currency in a riskless money market account. For simplicity, we
assume that the risk-free rate of interest is zero, and so the wealth process W satisfies

AW, = % dS, = mu(X,,Y,) dt + mo(X,,Y;) dBY.
t

The investor acts to maximize the expected utility of portfolio value, or wealth, at a fixed finite
time horizon T: E{U(Wr)}, where U : R4 — R is a smooth, increasing and strictly concave utility
function satisfying the “usual conditions” U’(0%) = oo and U’(00) = 0.

We define the investor’s value function V' by

V(t,z,y,w) = suEE{U(WT) | Xi =2, =y, Wy = w}, (3)
TE

where II is the set of admissible strategies w, which are non-anticipating and satisfy

T
E{/ wtzaz(Xt,Yt)dt} < 0.
0

and W; > 0 a.s.
We assume that V' € C%222([0,T] x R x R x Ry). The Hamilton-Jacobi-Bellman partial
differential equation (HJB-PDE) associated with the stochastic control problem (B]) is

0 — B
<E +A> V+ I;leaﬁiﬂ V=0, V(T z,y,w) = U(w), (4)

where the operators A and A™ are given by

A =12z )8_2 + po(z,y)B(x )8_2 +1B8%(x )8_2 + b(x )E +c(x )2 (5)
- 2 7y ax2 p 7y 7y axay 2 7y 8:[/2 7y 8,:17 7y 8y7
R I TN 5 9

We refer to the books [Fleming and Soner (1993) and [Pham (2009) for technical details. The
regularity assumption is a standard one under which verification theorems for stochastic control
problems are proved. See, for instance, (Pham, 2009, Theorem 3.5.2). While the PDE ) is
fully nonlinear, the approximations constructed in this paper will have as their principal term



the solution of the complete markets Merton problem, for which regularity is well-established, by
Legendre transformation to a linear PDE problem. Thus by staying close in a certain sense to a
case with a classical solution, we do not deal with viscosity solutions.

The optimal strategy 7n* = argmax_ A"V is given (in feedback form) by

* (0-2(:177 y)VIw + ,OO'(JE, y)ﬂ(:nv y)Vyw + ,u(x, y)Vw) (6)
T o2(x,y) Vi ’

where subscripts indicate partial derivatives.
Inserting the optimal strategy 7* into the HIB-PDE () yields

<% +A> VANV) =0, V(T,2,y,w) = Ulw), (7)

where N (V') is a nonlinear term, which is given by

(0(2,y) Vaw + pB(x,y) Viyw + Ma, y) Vi)

NWV)=— 8
v) - , (®)
and we have introduced the Sharpe ratio
(z,y)
Mz, y) = .
)= o)

2.2 Constant Parameter Merton Problem

We review and introduce notation that will be used later for the constant parameter Merton prob-
lem, that is, when fi and & in (I]) are constant, and so therefore y and o are constant and the stock
price S follows the geometric Brownian motion
ds,
2~ pdt+odB.
St
Then the Merton value function M (¢, w; A) for the investment problem for this stock, whose constant
Sharpe ratio is A = p /0o, is the unique smooth solution of the HJB PDE problem
M2
M= 3220 0 M(T,w) = Uw), (9)
M’IDUJ
ont < T and w > 0. Smoothness of M given a smooth utility function U (as assumed above), as
well as differentiability of M in X is easily established by the Legendre transform, which converts
@) into a linear constant coefficient parabolic PDE problem for the dual. Regularity results for the
latter problem are standard.
It is convenient to introduce the Merton risk tolerance function

M,
and the operator notation
g OF
Dy = (R(t,w;\)" —, k=1,2,---. 11
k ( (7w7 )) 8wk7 5 4y ( )

We recall also the Vega-Gamma relationship taken from (Fouque et al!, 2013, Lemma 3.2):



Lemma 2.1. The Merton value function M (t,w;\) satisfies the “Vega-Gamma” relation

oM
Sy = (I —HAD2M,

where Dy is defined in ().

Thus the derivative of the value function with respect to the Sharpe ratio (analogous to an
option price’s derivative with respect to volatility, its Vega) is proportional to its negative “second
derivative” Do M (which is analogous to the option price’s second derivative with respect to the
stock price, its Gamma). This result will be used repeatedly in deriving the implied Sharpe ratio
in Section and the approximation to the optimal portfolio in Section

3 Coefficient Expansion & First Order Approximation

For general {c, 8, u, 0, A} and U, there is no closed form solution of ([7l). The goal of this section is
to formally derive series approximations for the value function

V=vOLy®Ly@ ..
and the optimal investment strategy
mr=my+my Ty,

using model coefficient (Taylor series) expansions. This approach is developed for the linear Eu-
ropean option pricing problem in a general LSV setting in |[Lorig et al. (2015b), where explicit
approximations for option prices and implied volatilities are obtained by expanding the coefficients
of the underlying diffusion as a Taylor series. Note that, here the HIB-PDE () is fully nonlinear.
Our first order approximation formulas are summarized in Section 3.7l

3.1 Coefficient Polynomial Expansions

We begin by fixing a point (Z,7) € R2. For any function x(x,%) that is analytic in a neighborhood
of (z,7), we define the following family of functions indexed by a € [0, 1]:

X4, y) == a"xn(,y), (12)
n=0

where

n
1
—\n—k —\k —kak /- —
Xn(@:9) =Y Xnokp- (@ =) =9 Xokpi= maﬁ Iy x(Z,9),
k=0
and we note that xo = x0,0 = x(Z,7) is a constant. Observe that x®|,=; is the Taylor series of x
about the point (z, 7). Here, a is an accounting parameter that will be used to identify successive
terms of our approximation.
In the PDE (), we will replace each of the coefficient functions

X € {M7ca 027/827 )‘270/87/8)‘}



by x?, for some a, (Z,7), and then use the series expansion (I2]) for x*. Another way of saying this
is that we assume the coefficients are of the form

v(z+a(@—2).5+aly —1)),

whose exact Taylor series is given by (I2]), and we are interested in the case when a = 1.
Consider now the following family of HJB-PDE problems

(gt + Aa> Ve + NG(VCL) — 0’ Va(T, z,v, U)) _ U(U)), (13)

where, for a € [0,1], A* and N?(-) are obtained from A and N(-) in (Bl) and (8) by making the
change

{N7 C, 027 /827 )‘27 0/87 /8)‘} = {,u'a7 ca7 (0,2)(17 (52)(17 ()\2)(17 (U/B)a7 (B)\)a}
The linear operator in the PDE (I3]) can therefore be written as

A% = i a" A,
n=0

where we define
2 2 2

0 0 0 0 0
A, = (%0'2)71(:13,3/)@ + (paﬁ)n($’y)8x—6?y + (%52)"(x’y)8—y2 + bn(x,y)a—x + cn(m,y)a—y,(lél)

and the expansion of the nonlinear term is a more involved computation.
We construct a series approximation for the function V¢ as a power series in a:

Ve (t,x,y,w Za"V (t,z,y,w). (15)

Note that the functions V(™ are not constrained to be polynomials in (z,%,w), and in general they
will not be. Our approximate solution to (), which is the problem of interest, will then follow by
setting a = 1.

3.2 Zeroth & First Order Approximations

We insert (I5]) into (I3) and collect terms of like powers of a. At lowest order we obtain

=0, VO, z,y,w) = U(w), (16)

2
D) (UOVx(@Ou) + pBoVs) + )\ovzgo))
< + Ao) v _ ©)
ot ov. V)
where the linear operator Ay, found from (I4]), has constant coefficients:

92 52 82 8 8

As a consequence, the solution of (I8) is independent of z and y: V() = V(O (¢ w), and we
have

()
VO =0 VOTw = Uw) (18)



We observe that (8] is the same as the PDE problem (@) that arises when solving the Merton
problem assuming the underlying stock has a constant drift ug = wu(z,y), diffusion coefficient
oo = o(z,y) and so constant Sharpe ratio A\g = A\(Z,9) = u(z,y)/o(z,y). Therefore, we have

VO (t,w) = M(t,w; \o).

The PDE (I8)) can be solved either analytically (for certain utility functions U), or numerically.
Recall the definition of the risk tolerance function in (I0) and the operators Dy in (II), where
now we take in those formulas the Sharpe ratio Ag:

2% p O
R(tawa )‘0) = _m(uwv)‘)a Dy = (R(t7w7 )‘0)) W? k=1,2---.

Proceeding to the order a terms in (I3]), we obtain

) ) 0
(E + Ao> VO + IND, VD + XD v 4 pﬁvopla_yWU + oDV = (5N DV O,

We can re-write this more compactly as

0
<§ + A + BO> Vv +H =0, VO, z,y,w) =0, (19)
where the linear operator By and the source term H; are given by
0 0
Bo = 2A3Ds + ND MoD1 = + poD1=— 20
0 = 3A0D2 + AgD1 + phoro 1ay+,u0 15 (20)
Hy(t,z,y,w) = (331 (2, y)D1 VO (t,w). (21)

We now proceed to give the solution of the linear PDE problem (I9]).

3.3 Transformation to Constant Coefficient PDEs

First, we apply a change of variable such that V(!) can be found by solving a linear PDE with
constant coefficients. We begin with the following lemma.

Lemma 3.1. Let VO be the solution of (I8) and let Ay and By be as given in (I4) and (ZI)),
respectively. Then V) satisfies the following PDE problem

(% + Ao + Bo> vO =0,  vVO(T W) =U(w). (22)
Proof. This follows directly from observing that the nonlinear term in (I8]) can be written
( 150))2 NG <V£°>>2 10
I A 0) — (0) — -2 yO = _ (0)
0 = < 15%2) Vw =DV, or V0 = < u()?g) V' =-Di1V%W. (23)
Therefore, from (I8]), we have
0
(E +iND, + A§D1> v =,
and (22)) follows from the fact that V©) does not depend on (z,y), while Ay and the last two terms
in the expression (20) for B take derivatives in those variables. O



Next, it will be helpful to introduce the following change of variables.

Definition 3.2. We define the co-ordinate z by the transformation
2(t,w) = —log V. (¢, w) + IN(T —1). (24)

We have the following change of variables formula, as used also in (Fouque et all, 2013, Section
2.3.2).

Lemma 3.3. For a smooth function T7(t,:17,y,w), define q(t,z,y,z) by

~

V(t7 ':U7 y7 w) = (J(t7 ':U7 y7 z(t7 w))'
Then we have

0 ~ 0
<§ +A0—|—'BO>V: <§ +A0—|—eo> q, (25)

where the operator Cy is given by

0? 0? 0?
— 1y2 7
Co = 3% 022 + phodo OyOz +ho 0x0z

Proof. We shall use the shorthand R (t,w) = R(t,w; \o). From (24)), we have that z, = 1/R©),
and so, differentiating ([B0), we find

(26)

(0)
~ V. ~ ~
Vi=aq— <% + %A3> 2, D1V =g, DoV =q.. — RVq..

Then, using the first expression in (23)) to write the PDE () for V() as V;(O) = %/\%DQV(O), and
differentiating this with respect to w gives

2
VO = 152 (R<0>) VO 4+ 2RO ROYVO)

But from R(O)Vug?y) = —Vu(,o), we have (R(0>)2V£?U)w = (Rq(,?) + 1)VUSO), and so

Vi = D3R + )V© - BROVO,

tw

which gives that

Viw' _ _1320p(0

VT%) = —IN(RY -1).
Therefore, we have

0 ~
<§ + NP2 + A(%Dl) V=aq+ (3ED = 1) = I28) 0: + 133 (4:: = BDa:) + N,

which establishes that

8 142 2 > a 142 82

More directly, we have

0 0\ ~ 0?2 0?2
(Pﬁvopla—y + poDy %> V= <Pﬁo>\o By07 + po 8x8z> q,

which, combined with (21]), leads to (25]). O



We define ¢(@ by VO (t,w) = ¢ (¢, 2(t,w)). Then the PDE @2)) for V() is transformed to the
(constant coefficient) backward heat equation for ¢(0(t, z):

0 0? 1, s
<§+%A3@>q“)’=0, (T, 2) =U(U) e ™), (28)

but of course the transformation (24]) depends on the solution V(O itself. Again, as ¢(©) does not
depend on (z,y), while Ag and the last two terms in the expression (20]) for Gy take derivatives in
those variables, we can write

ot
Now let ¢ be defined from V) by

(2 + Ao + 60> ¢ =o. (29)

VO (t,z,y,w) = ¢V (¢, z,y, 2(t, w)), (30)

using the transformation (24). Then, using Lemma [3:3] we see that the PDE () for V(Y| which
has (¢, w)-dependent coefficients through the dependence of By in (20) on R(t, w; \g), is transformed
to the constant coefficient equation for ¢):

<% —|—.A0 + eo) q(l) + Ql = 07 q(l)(T7x7y7Z) =0. (31)

The source term is found from H;(t,z,y,w) = Q1(t,x,y, z(t,w)), where, from (2II), we have
Ql(t7$7y7z) = (%)‘2)1($7y)q£’0) (32)

3.4 Explicit expression for V(1)

In this section, we will show that V(! solution of (IJ), can be written as a differential operator
acting on V() First, we look at the PDE problem

Hqg+Q =0, q(T,z,y,2z) =0, (33)

where H is the constant coefficient linear operator

0
H=—+ Ay + Cq.
8t+ 0o+ Co

We also suppose that the source term Q(t, z,y, z) is of the following special form:

Q(ta z,Y, Z) = Z(T - t)n(‘r - j)k(y - g)lv(tv T, Y, 2)7 (34)

k,ln

where the sum is finite and v is a solution of the homogeneous equation
Hov = 0. (35)
We define (the commutator) £Lx = [H, (z — Z)I] by

H((z—z)v) =(z —2)Hv+ Lxv, (36)



and so a direct calculation using the expressions (7)) and (26) for Ay and €y respectively shows

that
0 0 0
Lx = (o — %08)1—#08%—%/)00508—1/4-#0&7 (37)

where I is the identity operator. Similarly, defining (the commutator) £y = [H, (y — §)I] by
H((y = 9v) = (y = ) Hv + Ly,

leads to
0 0 0
Ly = col + B3+ - Ao
y =col + B oy poofoz—+ phodo—, (38)
We next introduce the following operators indexed by s € [t,T7:
Mx(s)=(z—-2)+(s—t)lx,  My(s)=(y—mI+(s—1)Ly, (39)

Then we have the following result by construction of these operators.
Lemma 3.4. Recall that v solves the homogeneous equation [BB). Then
HME (s)M(s)v = 0, (40)
for integers k, 1.
Proof. We first calculate
HMxv=MxHv+Lxv—Lxv+ (s —t)HLxv = (s —t)HLxw,

where we have used (36]). But since H and Lx are constant coefficient operators which commute,
we have HLxv = LxHv = 0 using (B5). Therefore, given a solution v of the homogeneous
equation, Mxv also solves the homogeneous equation, namely H (Mxv) = 0. Iterating we have
that .‘HJ\/['}(U = 0 for integers k. Similarly J{Mlyv = 0 for integers [, and so the result (40) follows. O

From this we can exploit the special structure of the source @) to obtain the following formula.

Proposition 3.5. The solution to [B3]) where the source Q is of the form (B34)) is given by

T
g(t,z,y,2) =D [ (T — )" M (s)My (s)o(t, 2,9, 2) ds. (41)
klnt

Proof. Due to the linearity of the problem, it suffices to consider a single term of the polynomial:
Qt,z,y,2) = (T = )"(z — )"y — 9)'v(t, 2,9, 2).
Then, we check that the solution is given by
q(t, @y, 2) = /tT(T — )" MK ()M (s)o(t, 2, y, ) ds
by computing
Hq = —(T — t)" M5 (ML (H)v(t, z,y, 2) + /tT(T — 5)"HME ()M (s)v(t, ,y, 2) ds

— (T = )"z — )y — §)v(t. 2,9, 2)

= _Q7
using Lemma [3.4] for the second term. The formula (4I]) in the general polynomial case follows,
and clearly the zero terminal condition is satisfied by (4I)). O

10



We can now solve for the first correction in the series expansion.

Proposition 3.6. The solution to (B1l) is given by
q(l) (ta z,y, Z) = (T - t))‘OA(t7 z, y) qg(]) (t7 Z) + %(T - t)z)‘OB q,gg) (ta 2)7 (42)
where

Alt,z,y) = Mo [(z —2) + 5(T — t) (o — 308)] + Ko [(y —9) + 5(T — t)eo]
B = A1,0p0 + Ao,1pB0No- (43)

Proof. We observe that since ¢ satisfies the homogeneous PDE Hq® =0 from [9)), so does q§°>,
which follows from differentiating the constant coefficient PDE for ¢(9). Then applying Proposition
with v = ¢, and n = 0, (k,1) € {(1,0),(0,1)} and substituting the definitions (B9) for Mx
and My leads to

q(l)(tv$7yv Z) = [(%)‘2)1,0 ((T - t)(l‘ - j) + %(T - t)2LX)
+(EN)o1 (T =)y —9) + 3T = 1)°Ly)] 4O (2, 2).

Finally, substituting for £x and Ly from B7) and @8) and using that ¢(© does not depend on
(z,y) leads to (42]). O

In the original variables, using (30]), we have

VOt 2, y,w) = (T — At z,y) D1V O (t,w) + 1T — )X B DIV O (¢, w). (44)

3.5 Implied Sharpe Ratio

In an analogy to implied volatility, for a fixed maturity 7" and utility function U, one can define
the Merton implied Sharpe ratia corresponding to value function M (¢, w; A) of Section as the
unique positive solution A%(t, z,y,w) of

Ve (t,z,y,w) = M(t, w; A). (45)

The existence and uniqueness of the implied Sharpe ratio follows from the fact that (i) the function
M satisfies M (t,w) > U(w), since an investor with initial wealth w can always obtain a terminal
utility U(w) by investing all of his money in the riskless bank account, and (ii) the function M is
strictly increasing in A. Since a higher implied Sharpe ratio is indicative of a better investment op-
portunity, we are interested to know how local stochastic volatility model parameters {c, 3, u, o, p}
affect the implied Sharpe ratio.

Using our first order approximation V¢ =~ VO 4 aV® | we look for a corresponding series
approximation of the implied Sharpe ratio as

Then, expanding
M (t,w; A) = M(t,w; A) + aAD My (£, w; AO) + - .- |

!The authors thank Jean-Pierre Fouque for a number of fruitful discussions, from which the concept of the Merton
implied Sharpe ratio arose.

11



and comparing with the expansion
Va(ta z,Y, ’LU) = M(t7 w; )‘0) + av(l)(ta z,Y, ’LU) +oee
yields A©) = )y and

VOt 2, y,w)

A = VO y.w)
M)\(ta w; )‘(0))

(46)
Next, from Lemma 2.1}, we have

My (t,w; X O) = —(T — )AgDa M (£, w; AO) = —(T — t)AgDV O (£, w) = (T — t)AeD1V O (¢, w).
Then, using the formula @) for V1) in @8] gives

DIV O (¢, w)

W - 2T DB 3 o w)
Aty w) = Aty 2, y) + 5(T — 1) B Dy VO (t,w)

By computing
DV O (¢, w)
———————= = Ry, (t,w; A\g) — 1,
DlV(O)(t,w) ( w 0)

we have

A"~ AO oAV = N +a [At,2,y) + 2T — 1) B (Ry(t, w; Xo) — 1)] , (47)

where R is the Merton risk tolerance function defined in (L0J).

3.6 Optimal Portfolio

From (6)), we have that the optimal strategy 7®* is given by

agx __ :ua :Evy)vu? pﬁa(x’y)vyczﬂ V:caw

" 02 (@, )V 0@ y)Vey Vi

(48)

It is convenient in deriving a compact form for our portfolio approximation to write our first order

approximation to the value function as the Merton value function evaluated at the first order series
#7) for the Sharpe ratio

Vet x,y,w) = V(t,z,t,w) = M(t,w; \g + aA(l)(t,:E,y,w)).

Then our approximate first order policy will be to substitute V for V@ in (@S).
We have

V(t, 2,9, = M, (t,w; Ao + aA(l)(t,x,y,w)) + aM)(t, w; Ao)%(T — 1) BRy (t, w; M) + O(a?),

= Muyw (t, w; Ao + aAD (¢, 2y, w)) + a3 (T = t) B (Ruw(t, w3 Xo) M (t, w; A)),, + O(a?),

aXog My (t, w; No) + O(a?),

Vyw
% = al oM (t,w; \o) + O(a?),

Vaew(t, x,y,

(
Viow(t, 2,9,

(t, .y,

(

w)
w)
w)
w)

where O(a?) denotes series terms in powers of a? and higher.
Let us compute

Vi M,y (t,w; Ao + aA D (t, z,y, w)) + aMy(t, w; 20) (T — t) BRyw(t, w; Ao)

wa My (t7 w; /\0 + CZA(l) (tv Z,Y, ’LU)) + a%(T - t)B (wa(t7 w; /\O)M)\(ty w; /\0))11}
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M,
M2

M)

= R <t, w; Ag + aA(l)(t, ,y, w)) %(T —t)BRyw + a%(T —t)B——

= R <t, w; Ag + aA(l)(t, ,y, w)) +a

Here we have used the following identities satisfied by the Merton value function M (¢, w; \) and its
risk tolerance function R(t,w;\):

My

T —(T — t)AR?, (49)
]\Jy—;MA = (T — t)AR?, (50)
M = (T~ AR (R, ~ 1), 6

where ([@9) comes from Lemma 21} (B0) comes from multiplying (49) by —R; and in the last
expression (5I)), we also use R2Myuw = (Ry + 1) My,
Additionally, we compute

_ . M
Vo _ a0 TPt wi Ao) = adoa (T = DAoR(E w5 Ao) (Ru(t, wido) = 1) + Ola?),
Viw My, 9
—‘7 = —a)\l OM (t w, )\0) = a)\l ()( — t))\QR(t,’w; )\0) (Rw(t,w; )\0) - 1) + O(CL )

Therefore we have

a,* ~ ltl/a(x7 y)
(0)*(z,y

+a(T — )AR(Ry — 1) (

™

pB(z,y)
o%(z,y)

where R without an argument denotes R(t,w; \g). One could substitute the first two terms of the
polynomial expansion of the coefficients, but since they are assumed known, there is no loss in
accuracy in using the full expressions. The first order approximate optimal strategy is written in
terms of the risk tolerance function and its derivatives.

Ao,1 + )\1,0> ;

3.7 Summary

We collect here the expressions for our first order approximation formulas, which follow from the
prior calculations and setting the accounting parameter a = 1.

e Our first order approximation to the value function V (¢, z,y,w) in (B]), solution of the PDE
problem () is given by V (¢, z,y,w) =~ V (¢, x,y,w), where

V(t,z,y,w) = VO(t,w) + VIV (t,2,y,w)
and A and B are given in (43)).

e The implied Sharpe ratio A = A(t, z,y,w) defined by V(t,z,y,w) = M(t,w;A) is approxi-
mated to first order by A ~ A, where

At z,y,w) = A 4 A

13

(T — )’ BAoR*(Ruw + RRuww + (Ruw — 1) Ruw) + O(a

) {R (t, wi Ao + aAD (¢, z,y, w)) +a(T = £)2BA\RA(R Ry + (R + Ruy — 1)wa)}

(waM)\) + O(a2

2)‘

).



e Our first order approximation to the optimal strategy 7* (¢, z,y,w) in (@) is given by 7* ~ 7,
where

)= iz, y)

o?(x,y) {R (t’ wi do + At 2., w))

ﬁ(t7 ':U7 y7 w

+ YT = )2BAGR2(R Ry + (R + Ry — 1)wa)}

pB(x,y)
o(z,y)
This formula has principle term that is the classical Merton strategy —%R, but here is up-
dated to account for LSV by using the current u(x,y) and o(x,y) values, and with the implied
Sharpe ratio in the risk tolerance function. The other terms contain effects of correlation p,
volatility of volatility 8, higher Taylor expansion terms of the stochastic Sharpe ratio, and
higher derivatives of the the risk tolerance function with respect to wealth. Even for a utility
function where there is no explicit solution for the constant parameter Merton value function

M, the risk tolerance is easily computed by numerically solving Black’s equation, as detailed
n (Fouque et al!, 2013, Section 6.2).

+ (T — t)AoR(Ry — 1) < Ao,1 + )\1,0> . (53)

4 Higher Order Terms

Having obtained PDEs for V(© and V(). we examine the higher order terms. An exercise in
accounting shows that for all n > 1 the function V") (¢, z,y,w) satisfies a linear PDE of the form

(gt + Ao + 30) V4 H, =0,  VOUT,z,y,w) =0, (54)

where the source term H,, depends only on V*¥) (k < n—1). To see this, observe that the nth-order
PDE involves three types of terms

n n n— 1
o@): VW, AP (k<) > Vave (V—> . (55)
jH+k+l+m=n ww /s m
where, in the last term, x is a place holder for one of the coefficient functions appearing in N¢,

the symbols («a, ) are place holders for (z,y) or null (meaning just a single derivative in w), and

V}I ) is the mth order term in the Taylor series expansion of (Va ) about the point a = 0, i.e.,

ww J m

1 o~ &
(vi) - ij,;a(

where I}, ,,, is given by

) - E(z i)

m=1 1€l m j=1

i = { i = (1,4, i) ENT 1Y ij=h . (57)

The terms in (54) that involve V(™) are precisely those terms that appear in (% + Ag + Bo)V ™),
The terms that do not involve V(™ are grouped into the source term H,. We provide here an
explicit expression for the second order source term Hy, which appears in the O(a?) PDE:

142y ( 11(10))2 1 H(JB 1 1,2) “(’1))2
Hy = —(5X%)2—5= = (Hi+ BoV) - o) + AV = (3X%)g )

14



g, D) (V) (V) (V) (V)

e 2 D) ()
( p°B )0 Ho %51
i Vil Vil Vi
(VEDVa)) 1 a0 (V)2
~ (poB)o ~ (070
Vi ©U vl

Higher-order sources terms can be obtained systematically using a computer algebra program such
as Wolfram Mathematica.
Now let ¢(™ be defined from V(™ by

VO (it 2y, w) = ¢ (t,x,y, 2(tw)),

using the transformation (24). Then, using Lemma [3:3] we see that the PDE (54)) for V(™) which
has (¢, w)-dependent coefficients through the dependence of By in (20) on R(t, w; \g), is transformed
to the constant coefficient equation for ¢(™:

0
<5t+A0+60> )4+ Qn=0, ¢"(T,2,y,2) = 0. (58)

The source term is found from H,, (¢, z,y,w) = Qn(t, z,y, z(t,w)).

We must establish that, for every n > 1 there exists a function @, such that Q, (¢, z,y, z(t,w)) =
H,(t,z,y,w). From (53] we see that the source term H,, contains two types of terms, the first of
which is A,V ™% (1 < k < n). Since A}, acts only on (x,y), we have that A,V "% = A, q"=F),
The second sort of term appearing in (B3] are those of the form

(34)
T sz p ZH”J’ ELm<n—1,  (59)
p=1

Xj
j+k+l4+m=n wa i€l p j=1 wa

where we have used (56]).
Next, using

U8 B 9 ) (@4 e
9 ¥ SO (qﬁo))

we see that (B9) can be written as

(k) (1) m p (i5) (0) (0)y (i)
—qaz Gyz qzz ( + qzz ) gz
E X3 (0) . E (=1)? E H < ) ) (60)

(¢2)?
j+k+l+m=n qz p=1 i€l j=1 z q:

where (I,k,m < n —1). We have therefore established that, for every n > 1, the source term
H,(t,z,y,w), which is composed of products and quotients of derivatives of V¥ (¢, z y,w) (k <
n — 1), can be written be written as a function @, which is composed of products and quotients
of derivatives of ¢®)(t,z,y,2) (k <n —1).

In Proposition 3.6}, we saw that ¢(1), the first-order transformed value function, can be expressed
as a differential operator acting on q©), specifically ¢V = £1¢®, where

L1=[(T=t)EN)1(z, )] + 3T —t)> (GA)1,0Lx + (3X%)01Ly)] 9

— (61)

15



We will show that, for certain utility functions U, each of the higher order terms ¢ (n > 2) can
also be written as a differential operator acting on ¢(®). From Proposition B, we know that if the
source @, in the nth order PDE (B8] is of the form (B4]), then this will be the case. From (B2]), we

see that 9
Q1= Qqo where Q; = (%Az)l(m Yy

) )57 (62)

Unfortunately, this is not always the case.
To see this, we examine Qs, the source term in the PDE for ¢(®, which one can compute:

©) ;0 (1) (1)
—"_ 24
Q2 = (5320 — <—( ( (g)) Jes q( )(Q1 + Coqr) + A1
qz qz

142 (q(l))2 2 (1)61;(;12
qz qz
(1) (1) (1 (1)
1 1 202\ Qyz dyz qz qzz
(1) (1) (1) (1)
+ 1) + (poB)oTEIE 4 (Lo2) B2 T (63)

¥ "

From (63]) we see that Q2 can be written as Q2 = Qaqp where

0 (@40 O
(V)2 qg)
<£’> 9 )
Loy 204
0" g 2 gl
2 1) 2

1,202 (g9 )
R LR Oa

82 (q:(clz)) 82

) (Ql + (‘3051) + A1Lq

+ (PBA)1

@) o2
qgo) 0x0z

+

(64)

where Q; was given in (62)), and £; in (6I).

In order to use Proposition B3] we must establish that coefficients of Qy are polynomials in
(z,y,2). The complicating terms are those that contain derivatives of ¢ and ¢ divided by qgo).
Such terms are always polynomials in (z,y), but may not be polynomial in z. The following lemma
provides conditions under which the differential operator Q,, is guaranteed to have coefficients that
are independent of z:

Lemma 4.1. Suppose ¢©) (t,z) is of the form:
qO(t, z) = a(t)e?®+=®), (65)

Then, for every n > 1, the source term @y, appearing in PDE (B8]) can be written as @, = Q,q,

where the differential operator Q, has coefficients that are polynomial in (x,y) and independent of
z.
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Proof. We will prove by induction on n that there exists a differential operator Q,, whose coefficients
are polynomial in (x,y), independent of z, and which satisfies @, = 9,49, where Q,, is the nth-
order source term appearing in (58]). We know from (62) that such a Q; exists. We now assume
such 9y, exist for all 1 < k <n — 1, and we show that Q,, exists and has the required form.

The existence Q; implies from Proposition that there exists an operator L such that
g% = £,¢9. Moreover, since Q;, is polynomial in (z,y) and independent of z it follows from (4II)
that £ has coefficients that are polynomial in (z,y) and independent of z. Now, we recall that
Qn contains two types of terms: Apg" % (1 < k < n) and terms of the form (60). Let us first
examine terms of the form Aq™ % (1 <k <n). Note that

Arg" ™ = AL, kg, 1<k<n.

The coefficients of Ay, are polynomial in (z,y) and independent of z by construction. Hence, the
coefficients of AL, are also polynomial in (z,y) and independent of z. Now, let us examine the
terms of the form (B0). Using ¢*) = £,¢(®) we can express (60) as

_(%ﬁzﬁkq())(maz‘lq - O+ ¢)0:£,49) L
2. X O PGS ZH - qgo]) :

(0)y2
j+k+l+m=n p=1 i€y, p j=1 (qz )

(66)

where I, k,m < n — 1. Since, by assumption, ¢(©) is of the form (B3], it follows that terms of the
form (66) are polynomials in (z,y) and independent of z. We have therefore established that @,
can be written as Q,¢(?) where Q,, is a differential operator whose coefficients are polynomial in
(z,y) and independent of z. O

We will see in the next section that, when U belongs to the power utility class, then g0 is of

the form (65). Thus, the nth-order term ¢(™ can be written as a differential operator £,, acting on
(0)
V.

5 Specific results for power utility

In this section, we consider the case where the utility function U belongs to the power utility class

Power utility: U(w) =

¥>0, v# 1. (67)

For general LSV dynamics (2]), we will obtain the second-order approximation for the value function
u, optimal investment strategy 7* and implied Sharpe ratio A. Then, we will establish error
estimates for the approximate value function in a stochastic volatility setting.

5.1 Value function

To obtain the second order approximation to the value function V, we must first compute ¢(©, ¢V
and ¢®. With U given by (67), we have U’(w) = w™" and [U’]~1(¢) = ¢~'/7. As found in Merton
(1969), we have

VO (410) = Mt w: ho) = ;Ul_:; exp <% (1;_’Y> (T — t)> . (68)
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Then the transform variable z in (24)) is given by
2(t,w) = ylogw + § (251 ) N(T ), (69)

and the solution of the heat equation PDE problem (28] is
1 1-—
(0) — 7 L (1) \2(p
q (t,z)—l_’yexp< S <z—|—2<,y>/\0(T t))> (70)

Next, using [@2) and (70), we compute ¢1:

4Dt 2y, 2) = 1%((%%)1,0 (0=t —2)+ 5T =) (2no - $03) )

+ (33)0, (T =0 — ) + 3T = 1) (0 + 520800 ) ) )q<°><t, 2),
from which we obtain

VO(t,2,y,2) = 1_77 < (331 (T =)@ = 8) +3(T = ) (2o - 303) ) (71)

where, as a reminder, (%)\2)170 and (%)\2)071 are given by

(o= (L) @), $ons = (4) @)

Having obtained an explicit expressions for ¢ and ¢, we can now compute ¢@. The second
order source term Q2, given by (63]), can be written as Q2 = Qago where the operator Qg is given
by ©4). From (70), we see that ¢(°) is of the form (65). Thus, from Lemma FI] we know that the
coefficients of Qg are polynomial in (z,y) and independent of z. Therefore, we can use Proposition
to compute ¢® = Loqg. The expression for ¢ is quite long. As such, for the sake of brevity,
we do not include it here.

We can obtain V® from ¢ using B0) and ([69). The same procedure can be used to compute
higher-order terms: ¢ (n > 3). Since the expressions for 1@ and higher-order terms are quite
long, we do not present them here. However, in the numerical examples that follow, we do com-
pute the second order approximation, and we will see that it provides a noticeably more accurate
approximation of V than does the first order approximation.

5.2 Optimal Strategy

For power utility, the Merton risk tolerance function is especially simple: R(t,w;\) = w/~, and
it does not depend on ¢, T or the Sharpe ratio A\. Therefore, the approximate first order optimal
strategy in (B3) is given by 7* ~ 7, where

g w) = | PEY L <% - 1) <MAOJ + Al,oﬂ % (72)

o?(z,y) o(z,y)

which is also proportional to the current wealth level w as in the classical Merton strategy, but
with proportion that varies with the model coefficients whose values move with the log stock price
x and the volatility driving factor y.
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We remark that it is also possible to compute the next order of the strategy approximation 73 in
the case of power utility using the lengthy expression for V(). For the special case (z,y) = (Z,7),
we have

N [(T—t)2(’y—1)

Ty =W X

— (ver,0(3A%) 01 + (veo — (v = 1) (pBA)0) (3AH) 1,1 + 210(3X)2.0 — 705 (32220 + (3A%)1,011,0) )

((r = DEX)01 (98N 10 + 13N 1030?10

(-~ 1)
874 (30%)o
5.3 Implied Sharpe ratio

((PUﬁ)o(%Az)o,l (=2 (yeo = (v = D(pBA0) (3201 + (=210 +795) (33*)10) )] :

We now compute the first order approximation of the implied Sharpe ratio A, which was introduced
in Section From (52l), we have A ~ A, where

A=)+ )\1,0(% —Z)+ )\0,1(y —y)+ %(T —1) ()\0,1 (Co + l;—ﬁ/(p,@)\)o> + A0 <%/Lo — (%O’%)) ) (73)

The second order correction As is quite long, and we omit it for the sake of brevity.
Observe that, for power utility, in which an explicit expression for the constant parameter
Merton value function M is available, one can obtain an expression for the implied Sharpe ratio A

by solving (@5]) with M given by (G8):

o V 27
A‘\/1 g(U(w)) )T 5 (")

This will be useful when we test the numerical accuracy of the Sharpe ratio approximation in two
examples.

5.4 Accuracy of the approximation for stochastic volatility models

In this section, we establish the accuracy of

V() — V),
k=0

the nth-order approximation of the value function V', assuming stochastic volatility dynamics of
the form

dX, = (u(Yt) — %aQ(Yt)> dt + o(V;)d B},

dY; = o(Y;)dt + B(Y;)dBY (75)
d(BX,BY); = pdt,

and a utility function U of the power utility class (67]).
Throughout this section, we will make the following assumption:

Assumption 5.1. There exists a constant C' > 0 such that the following holds:

(i) Uniform ellipticity: 1/C < p% < C.

(ii) Regularity and boundedness: The coefficients ¢, pBA, 82 and A\? are C"*1(R) and all derivatives
up to order n are bounded by C.

(iii) The risk aversion parameter in the utility function (67]) satisfies v > 1.
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Clearly, stochastic volatility dynamics (75]) are a special case of the more general local-stochastic
volatility dynamics (Z)). As such, one can obtain a series approximation V) of the value function
Ve(t,y,w), which is in this case independent of z, by solving the sequence of PDEs (54]). An
alternative but equivalent approach is to linearize the full PDE (I3)), and then perform a series
approximation on the resulting linear PDE. This is the approach we follow here.

Assuming power utility (67) and dynamics given by (73], [Zariphopoulou (2001) shows that the
function V*(t,y,w), solution of ([I3]), is given by

a _wT _ g
Vet wy) = 1—’y(¢ ty)", ﬁ—ma (76)

where the function ® satisfies the Cauchy problem
0= (9, + A"y, V(T.y) =1, a€0,1], (77)
and A is a linear elliptic operator given by
Ao = (162)002 + <ca + %(pm)a) 9y + (32, (78)
Let us denote A = A% ,—1 and ¢ = ¢%|q_;.

Remark 5.2. Assumption [5.1] part (iii) guarantees that the last term in (78] is strictly negative.

Remark 5.3. The linearization transformation described above works only for one-factor pure
stochastic volatility dynamics ({75), or complete market pure local volatility models, and only for
power utility (€7). For more general local-stochastic volatility dynamics (2)) and utility functions
U, one must work with nonlinear PDE ().

We return now to (7). Noting that A® can be written as
~ o ~ 1— 1—
RS A= 5900+ (et 080 ) 0+ L (10
n=0 v ny
we seek a solution ¢® to (7)) of the form
Y= a" . (80)
n=0

Inserting (79) and (80) into PDE (77)) and collecting terms of like powers of a we obtain the following
sequence of nested PDEs:

o) : 0= (8 + Ao)o, bo(T,y) =1, (81)

O(a") : 0= (3 +Ao)tn + > At Un(T,y) = 0. (82)
k=1

This sequence of nested PDEs has been solved explicitly in [Lorig et al! (2015b). We present the
result here.

20



Theorem 5.4. Let ¢y and 1, (n > 1) satisfy @I) and (82), respectively. Then, omitting y-
dependence for simplicity, we have

bo(t) — exp ((T—t)lm 8 A%) balt) = Bult T (0).

where the linear operator En(t,T) s given by

T —~ ~ o~
t T Z / dtl dt2 / dtk Z 92‘1 (t7 tl)giz (t7 t2) to 92k (t7 tk)a
In,k

te—1

with I, ), defined in (5) and
~ o~ ~ 1
Gty t) = AU t), ) =g+ (e —1) (CO n T”(pﬁno) 203200,

Here, the notation fll(g(t,tk)) indicates that y is replaced by g(t,tk) in the coefficients of A
Proof. See (Lorig et al., [2015b, Theorem 7). O

Having obtained an explicit expression for 1, (n > 0) we now define 1,,, the nth-order approxima-
tion of :

Un =Y tp, with =y (83)

k=0
The accuracy of the series approximation 1), is established in [Lorig et al. (2015a).

Theorem 5.5. Let 1) be the solution of 8Q) with a = 1 and let v, be defined by B3) with 1; (i > 0)
as given in Theorem[5.4 Then, under Assumption[5.1, we have

n+3

Sup [W(t,y) — dnlt,y)l = O(r72), Ti=T-t. (84)

Proof. See (Lorig et al., [2015a, Theorem 3.10). O

Our task is now to translate the approximation v, and accuracy result for |¢) — 1), | into an approx-
imation V(") and accuracy result for [V — V(”)\. Expanding V¢, given by (@), in powers of a, we
obtain

w!=7
Va — wa n
L)
wl_ﬁ/ . wl_,y 00 . k 1 . m 00 .
:1_7¢0+1_72a Zﬁ (954%) Z Hw% ::ZaVk,
k=1 m=1 €05 m j=1 k=0
where I}, ,, is defined in (7)), and
o) _ N ) ©_ w7 on HES
I S R U ! Lopi (1) 0

and 7 is set by § = y. The following theorem establishes the accuracy of V), the nth-order
approximation of the value function V.
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Theorem 5.6. Let (X,Y) have stochastic volatility dynamics ([T5]) and assume the utility function
U is of the power utility class (€7). Then, under Assumption [51], for a fized w, the approximate
value function V™, given by (85), satisfies

n+3

sup ’V(t7y7w) - V(n)(t7y7w)’ = O(T 2 )7 T: =T — t,
Y

where 1 is defined in (0.

Proof. Theorem [5.4] implies that ¢ (t) = O(1) as 7 — 0 and equation (84) implies

sup vy (t,y) = O(1 2 ), n > 1.
y

It therefore follows from (8E) that V}, satisfies

n+2

sup V. (t,y, w) = O(7 2
y

S
Y
—

Therefore, we have

sup ’V(t7 Y, w) - V(n) (t7 Y, w)’ = O(TT )7
y
as claimed. 0

6 Examples

In this section we provide two numerical examples, which illustrate the accuracy and versatility of
the series approximations developed in this paper. Both are based on power utility, but the first
order approximations described in Section [B.7 could be computed for utility functions outside of
this class, for instance mixture of power utilities, introduced in [Fouque et all (2013), which allow
for wealth-varying relative risk aversion. There the solution of the constant parameter Merton
problem M is computed numerically, and LSV corrections in the formulas of Section B.7 can be
obtained by numerical differentiation.

6.1 Stochastic volatility example

In our first example, we consider a stochastic volatility model in which the coefficients (u, o, ¢, 3)
appearing in (2)) are given by

wy) = p, o(y) = — c(y) = k(0 —y), Bly) = d\/y. (86)

Here, the constants (k, 0, §) must satisfy the usual Feller condition: 2x6 > §2.

Assuming power utility (67]), an explicit formula for the value function of the infinite horizon
consumption problem is obtained in [Chacko and Viceira (2005). For the terminal utility optimiza-
tion problem that we consider in this paper, an explicit formula for the value function V in (3) is
obtained in (Fouque et al!, 2013, Section 6.4):

w7

V(t,y,w) = <1—

— ’Y> enA(T—t)y—i-nB(T—t)’ Y (87)

n= :
v+ (1=’
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e I O =)

where
o+ _4
a4 = 1 Qq p?“y a:\/m,
p
1 1—7 1 /1—7~
p= 0% q= (—)up—fﬂ, T=—<—>u2.
2 Y 2\ v

An explicit formula for the optimal investment strategy 7* can be obtained by inserting (87)) into
([6). Likewise, an explicit formula for the implied Sharpe ratio A can be obtained by inserting (87
into ([74]).

The zeroth, first and second order approximations for V, 7* and A can be obtained using the
results of Section Bl Fixing y = y and using (68)), (71)), (72) and (73)), we obtain

11— p? 1—
VO = U(w)exp (T”%T - t)) - VO = ST = 1 (90— )+ (1= ) pbay ) VO,

. W w 1—7x
T~ —py + —psp* —— (T — t)y,
v v v
(T —1)
Yy

where in the strategy we have also expanded the coefficients in Taylor series. The second-order
terms are omitted for the sake of brevity.

Let us examine the approximation for n*, the optimal investment strategy. The first term
puyw /v is the amount of money an investor would place in the risky asset if the volatility of X were
frozen at o(y) = 1/\/y. The next term contains the adjustment for stochastic volatility effects. As
volatility is empirically observed to be negatively correlated with price (the leverage effect), it is
reasonable to assume that p > 0 (as o(y) = 1/,/y is decreasing in y). Noting that wéply/y? > 0,
we see that the second term in 7* has the sign of (1 — 7). Thus, the more risk-averse an investor
is (i.e., higher 7), the less of his wealth he will place in the risky asset X as a result of stochastic
volatility effects. Indeed, for v > 1, this term is negative, and in this case the investor reduces his
holdings in the stock relative to the constant Merton case.

It is interesting to analyze how the approximation for the Merton implied Sharpe ratio depends
on model parameters. The zeroth order approximation Ag = u./y is exactly the implied Sharpe
ratio that one would obtain if volatility were frozen at o(y) = 1/,/y. Now, let us look at the
expression for Aj. It is reasonable to assume (and therefore we do) that p > 0. If V; = y < 6,
then the instantaneous drift x(6 — y) of Y will be positive. As Y moves upward the instantaneous
volatility of X (given by 1/1/Y;) decreases and the instantaneous Sharpe ratio u+/Y; increases. As
a result, we would expect the Merton implied Sharpe ratio to increase and this is captured by the
first term in A;. Similarly, if Y; = y > 6, the instantaneous Sharpe ratio would tend to decrease
and we would expect the implied Sharpe ratio to decrease as well. Assuming p > 0 we see that
the second term in A; has the sign of (1 — ). Thus, the more risk-averse an investor is, the lower
his Merton implied Sharpe ratio will be, and the reduction is magnified by ¢, the volatility of the
volatility factor. These observations about the optimal strategy and implied Sharpe ratio would
not be obvious from the dynamics of (X,Y).

In Figure [ we plot as a function of o = 1/,/y the exact value function V, the exact optimal
investment strategy 7m* and the exact implied Sharpe ratio A. We also plot the zeroth, first and

Ao = pn/y, A=

u<m(9 —y)+(1- ’Y)pcmy),
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second-order approximations of these quantities. For all three quantities, we observe a close match
between the exact function (u, 7* and A) and the second order approximation. Figure [I] also
includes a plot of the implied Sharpe ratio (both exact A and the second order approximation) as
a function of the risk-aversion parameter v for three different time horizons. It is clear from the
figure that the approximation is most accurate at the shortest time horizons, consistent with the
accuracy result of Theorem
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Figure 1: The value function (top left), optimal strategy (top right) and implied Sharpe ratio (bottom left) are
plotted as a function of instantaneous level of volatility o = 1/./y assuming power utility 61) and dynamics
given by stochastic volatility model [8Gl). In all three plots, the solid line corresponds to the exact function
and the dotted, dashed and dot-dashed lines correspond to the zeroth, first and second-order approximations,
respectively. The parameters used in these three plots are: T —t =4.0, w=1.0, k =0.3, § = 0.2, § = 0.3,
p=0.75, p = 0.3 and v = 3.0. On the bottom right we fix the volatility o = 0.3 and we plot the implied
Sharpe ratio A as a function of v for three different time horizons T —t = {1,2,4} corresponding to black,
blue and red, respectively. The solid lines are exact. The dot-dashed lines correspond to the second-order
approximation. The parameters used in the bottom right plot are w = 1.0, k = 0.3, § = 0.2, § = 0.3,
p=—0.75 and p = 0.3. It is interesting to note that, with p > 0, which corresponds to negative correlation
between X and o(Y'), increasing the risk-aversion parameter v leads to an decrease in the implied Sharpe
ratio.

6.2 Local volatility example (CEV)

We now consider a local volatility model in which the coefficients (u, o) appearing in (2]) are given
by

w(x) = p, o(x) = de'*. (88)
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This is the constant elasticity of variance (CEV) model, written in the log-stock variable. Since Y
plays no role in the dynamics of X, the coefficients ¢ and 3 do not appear.

Assuming power utility (67]), an explicit formula for the value function V in this setting is
obtained in [Darius (2005)

1—y
V(t,z,w) = 10_7 (f(t,e1))7, F(t,d) = A(t)ePD?, - (89)
20+1
A — A 2n 1
— M N2n+1)(T—1) + =
At) = (s ) | BO= 310,
_ 2P A7)
1) = >\+<1 2 (A+ ) \ :,Ui o
1— (As/A_)e2iP e AT + my

The optimal investment strategy 7* can be obtained by inserting (89]) into (6]) An explicit expression
for the implied Sharpe ratio A can be obtained by inserting (89) into (74]).

The zeroth, first and second order approximations for V, 7* and A can be obtained using the
results of Section Bl Fixing # = z and using (68]), (71), (72) and (73), we obtain

Lo - —(L= (T = tPm® _
0) _ _v,u_ 2nx . 1) _ Y Ui 2nx 162 2nx
1% U(w)exp < 5 52¢ (T t)> , V 2757 e <,u v50%e >u0,

o (1 ~ pn(d —’Y)(T—t)> o
v y(0en)?

L —(T—t) qu (| 9
Ag = A= —— 7 B _ 152022
07 Senw’ ! 2 denr (’y 20%¢ >

The second-order terms are omitted for the sake of brevity.

We first comment on the expression for 7*. As usual, the first term in the expression for 7*
corresponds to the amount of money an investor would place in the risky asset X if volatility were
frozen at o(x) = 6e™. In order to be consistent with the leverage effect, it is reasonable to assume
n < 0. We also assume p > 0. This being the case, all investors will increase their holdings in X as
the value of the risky asset moves upwards as a result of the corresponding decrease in instantaneous
volatility. The second term in the expression for 7* has the sign of —n(1 — ). Thus, the more
risk-averse an investor (i.e., higher ) the more he will reduce his holdings in the risky asset as a
result of local volatility effects. Indeed, for v > 1, which consistend with oberved investor behavior,
this term is negative, indicating a reduction in the stock holding compared to the frozen Merton
proportion.

Now, let us examine the expressions for Ag and Ay, continuing with the assumption that n < 0.
As X; moves upward the instantaneous volatility o(X;) = 0 exp(nX;) moves downward and the
instantaneous Sharpe ratio pd exp(—nX;) moves upward. As a result, as X; increases we would
expect a higher implied Sharpe ratio, and this is captured by Ag. The correction term A; has the
sign of (uu/y — 62e?7* /2). Thus, the first order correction to the implied Sharpe ratio is an interplay
between the drift p, which raises A; and the local variance 62", which lowers A;. The relative
weight of these two terms is modulated by the risk-aversion parameter ~, with a higher + placing
a less emphasis on the drift.

In Figure 2 we plot as a function of ¢ = de"™ the value function V', the optimal investment
strategy n* and the implied Sharpe ratio A. We also plot the zeroth, first and second order
approximations of these quantities. For all three quantities, we observe a close match between the
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exact functions (V, 7* and A) and their second order approximation. Figure 2] also contain plots
of the implied Sharpe ratio A (both exact A and the second order approximation Ag) as a function
of the risk-aversion parameter ~ for three different time horizons.
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Figure 2: Value function (top left), optimal strategy (top right) and implied Sharpe ratio (bottom left) are
plotted as a function of o = §e"* assuming power utility 7)) and dynamics given by local volatility model
[B8)). In all three plots, the solid line corresponds to the exact function, and the dotted, dashed and dot-dashed
lines correspond to the zeroth, first and second-order approximations, respectively. The parameters used in
these three plots are: T —t =5, w =1.0, 7 = —0.8, § = 0.3, p = 0.3 and v = 3.00. On the bottom right
we fix the volatility o = 0.25 and we plot the implied Sharpe ratio A as a function of v for three different
time horizons T —t = {1,3,5} corresponding to black, blue and red, respectively. The solid lines are exact.
The dot-dashed lines are our second order approximation. The parameters used in the bottom right plot are:
w=1.0,n=-0.8,5 =0.3 and u = 0.3. Note that with n < 0 (which is consistent with the leverage effect)
a larger risk-aversion parameter vy results in a lower implied Sharpe ratio.

7 Conclusion

In this paper we consider the finite horizon utility maximization problem in a general LSV setting.
Using polynomial expansion methods, we obtain an approximate solution for the value function and
optimal investment strategy. The zeroth-order approximation of the value function and optimal
investment strategy correspond to those obtained by Merton (1969) when the risky asset follows a
geometric Brownian motion.

The first-order term in the value function approximation can always be expressed as a differential
operator acting on the zeroth-order term. Higher-order corrections can always be expressed as a
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nonlinear transformation of a convolution with a Gaussian kernel. For certain utility functions,
these convolutions can be expressed in closed-form as a differential operator acting on the zeroth-
order term. Corrections to the zeroth-order optimal investment strategy can be obtained from the
approximation of the value function.

We also introduce in this paper the concept of an implied Sharpe ratio and derive an approx-
imation for this quantity. We obtain specific results for power utility and give a rigorous error
bound for the value function in a stochastic volatility setting. Finally, we provide two numerical
examples to illustrate the accuracy and versatility of our approach. These examples enable us to
give financial interpretations of the approximation formulas. The expansion techniques presented
in this paper naturally lend themselves to other nonlinear stochastic control problems. Recent
results for indifference pricing of options contracts have been developed in [Lorig (2016).
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